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Abstract
Neutrino emission from electron/positron capture on the deuteron and the nucleon-
nucleon fusion processes in the surface region of a supernova core are studied. These weak
processes are evaluated in the standard nuclear physics approach, which consists of one-
nucleon and two-nucleon-exchange currents and nuclear wave functions generated by a high
precision nucleon-nucleon potential. In addition to the cross sections for these processes
involving the deuteron, we present neutrino emissivities due to these processes calculated
for typical proles of core-collapsed supernovae. These novel neutrino emissivities are
compared with the standard neutrino emission mechanisms. We nd that the neutrino
emissivity due to the electron capture on the deuteron is comparable to that on the proton
in the deuteron abundant region. The implications of the new channels involving deuteron
for the supernova mechanism are discussed.
The inuences of the nuclear medium on the neutrino emissivity are studied for the
electron capture on the deuteron. The medium eects are investigated based on the ther-
modynamic Green's function and T-matrix approach, using a simple model which consist
of only the one-nucleon currents and the S-wave separable nucleon-nucleon potential. By
considering the medium eects for two-nucleon system through the Pauli blocking and
the self-energy, we nd that the neutrino emissivity is moderately reduced. In the outer
region r > 30km, the medium eect is negligible, however in the internal region r < 12km
reduction factor is about 40% within the current approximate treatment of medium eect.
Chapter 1
Introduction
The neutrinos play pivotal roles in core-collapse supernovae and the subsequent evolution
to neutron stars. Neutrino reactions in dense matter of a supernova core are crucial for un-
derstanding the explosion mechanism, which is still elusive despite extensive studies over
decades. It is therefore essential to identify all neutrino processes (both neutrino-emission
and neutrino-absorption processes) that are important in the supernova environment. Fail-
ing to include all the relevant neutrino processes in the supernova modeling may have sig-
nicant consequences for the theoretical understanding of supernova explosion and related
observables. The emission of neutrinos and any additional neutrino emission mechanism
so far not considered acts as a cooling mechanism of the proto-neutron star could increase
the neutrino ux. A portion of the emitted neutrinos are subsequently absorbed by the
material behind the shockwave and these act as a heating agent. Additional sources of
neutrino ux could increase this neutrino heating mechanism and may help the revival of
a stalled shockwave and lead to a successful supernova explosion [1, 2, 3]. These neutrinos
which are emitted gradually (20 s) from a nascent neutron star (proto-neutron star) in a
supernova explosion, could be detected as supernova neutrinos at the terrestrial neutrino
detector like in the case of SN1987A [4], and would be helpful in establishing the neutrino
emission mechanisms.
Recent calculations have shown that deuterons, tritons and 3He can appear copiously
in the regions between the supernova core and the shockwave [5, 6, 7]. These light elements
have so far not been included in the tables of equation of state (EOS) [8, 9, 10] that are
routinely used in supernova simulations where the nuclear species are limited to the proton,
neutron, 4He and one \representative heavy nucleus" that is assumed to simulate the roles
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Figure 1.1: The density(top panel) and mass fraction Xi (bottom panel) at 150 ms after
the core bounce taken from [5]. The horizontal axis, r, is the distance from the supernova
center and 0 is density of normal nuclear matter.
of all heavy nuclei. The light elements with mass number A= 2and 3 can be abundant
in hot and moderately dense matter (< 1013g=cm3) under nuclear statistical equilibrium
[5, 6, 7] and should be considered in studying the supernova mechanism. They appear in
the heating region behind a shockwave, and also in the cooling region at the surface of
a proto-neutron star; their appearance gives a new contribution to the neutrino opacity.
As an example, the distributions of matter density() and the mass fraction Xi at 150
msec after the core bounce in Fig. 1.1 [5]. In this particular snapshot of the prole
of supernova explosion, the shock wave is stalled around 130km from the center. The
neutrino heating region due to neutrino absorption is from r  80km to behind the shock
wave, while the neutrinos are emitted(cooling region) mainly 20 < r < 80km. Neutrino
processes in this cooling region are essential for determining the ux and spectra of emitted
neutrinos, which in turn aect the eciency of neutrino heating behind the shockwave. In
the neutrino-emitting cooling region, the deuteron mass fraction amounts to about 10%,
where the density is about 10 4  10 1 of nuclear matter density 0  2:8 1014 [g/cm3].
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The importance of the neutrino absorption reactions on light nuclei has rst been
pointed out by Haxton. He studied the neutrino-4He cross section [11] and its eect
on spherical supernova simulations [12] however it has little impacts on the shock wave
revival. Recently numerical simulations of supernova explosion has been performed [13]
with neutrino-4He cross sections obtained with an advanced calculation [14, 15], however,
they found small eect on the delayed explosion mechanism. Thermal averaged neutral-
current cross sections and energy transfer cross sections of neutrino-triton and neutrino-
3He are studied in [16]. They pointed out a larger inuence of these processes on supernova
mechanism, compared to the 4He reactions. Arcones et al. [6] studied the cross sections for
charged-current and neutral-current neutrino reactions on tritons and 3He to evaluate their
inuences on the neutrino spectra at the outer layer of a proto-neutron star. The neutrino
absorptions on deuterons was investigated by Nakamura et al. [17] as an additional heating
mechanism on top of the neutrino reactions on nucleons and 4He, and found that the energy
transfer cross sections of the deuteron is larger than those of triton, 3He and 4He. It was
shown recently by Furusawa et al. [18] that the neutrino absorption reactions on light
nuclei indeed play important role on the shock wave expansion.
According to [5, 6], the deuteron fraction can be larger than the proton fraction in part
of the neutrino-sphere region between the shock wave and the surface of the proto-neutron
star. This indicates that weak-interaction deuteron breakup may play a signicant role in
neutrino emission processes, possibly altering the conventional understanding of the role
of the protons in the neutrino-emission processes as well as the neutronization of mat-
ter. An additional deuteron formation in nucleon-nucleon scattering also leads to neutrino
emission. Although both these neutrino emission processes certainly exist on top of the
conventional neutrino-emission processes, they have so far not been considered in super-
nova simulations. The purpose of this thesis is to study neutrino emissions via deuteron
breakup/formation (to be referred to as NEvDBF) in the surface region of a proto-neutron
star, where the neutrino emissions act as a cooling mechanism. We examine the role of
NEvDBF for prole of matter(density, temperature and mass fractions of light elements)
using the results of [5] as one of the 'realistic' cases and provide the neutrino emission
rates, which are basic quantities to be used in supernova simulation to account both neu-
trino emission and absorption reactions due to two nucleon system. In part I of the thesis,
we present the rst evaluation of the neutrino emissivities from electron/position-capture
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on the deuteron and from the nucleon-nucleon weak fusion processes; see (2.0.1)-(2.0.5)
below. These neutrino emissivities arising from NEvDBF will be compared with those
coming from the \conventional" processes. The neutrino emission processes that have
been previously considered in the literature shall be referred to as conventional processes;
They are listed in (2.0.7)-(2.0.11) below. We further will discuss the possible inuences of
NEvDBF on neutrino emission in the supernova environment. The reaction rates reported
here will supplement the conventional ones and are expected to be useful for the numerical
simulation of supernova explosion and proto-neutron star cooling. This part of thesis is
based on our arXiv preprint [19]
Theoretical treatments of electroweak processes in two-nucleon systems have been well
studied. For low-energy neutrino-deuteron reactions, serious eorts to minimize the the-
oretical uncertainty have been made in order to analyze data from the Sudbury Neutrino
Observatory [20, 21]. One approach to this problem is the standard nuclear physics ap-
proach (SNPA) that involves nuclear wave functions that are derived from high-precision
phenomenological nuclear potentials, and one-nucleon and two-nucleon electroweak cur-
rents. This method has been well tested by analyses of photo-reactions, electron scattering,
and muon capture on the two-nucleon systems [22, 23, 24]. Another theoretical approach,
eective eld theory (EFT) for few-nucleon systems, has been developed and applied to
low-energy electroweak processes [25]. Both methods essentially agree with each other
for low-energy electroweak processes in the two-nucleon systems. The pp-fusion process,
pp ! de e, is one of such processes relevant to this work. The pp-fusion reaction has
been studied with both SNPA and EFT, and good agreement between the two methods
has been found [26, 27]. Another nucleon-nucleon fusion process relevant to this work is
neutron-neutron fusion, which was previously studied with EFT [28]. In this work, we
need reaction rates for a relatively high energy region that is beyond the applicability of
EFT consisting of the nucleon and pion only. We therefore adopt SNPA in the present
work.
In part I of our thesis we analyze neutrino reactions in two-nucleon system without
taking into account the modications of reaction in nuclear medium. The matter den-
sity may vary over very wide-range from the very low density to the nuclear saturation
density during the supernova explosion process. A natural question is at which matter
density we can safely use the results obtained in part I and when we have to start to
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worry about the eects of nuclear medium. The second purpose of the thesis in part II
is that we formulate a method to study the neutrino reactions in nuclear medium and
give an estimation of the neutrino reaction rates in the cooling and heating region where
nuclear density is around  < 0:10. Light cluster abundances in supernova explosion
were investigated in the so-called the generalized Beth-Uhlenbeck approach in which total
baryon density are decomposed into A-nucleon components [5]. In estimating the light
cluster abundance, the energy shift for A-nucleon quasi-particle bound state and contin-
uum state are considered. The energy shifts are due to the self-energy shift, the Pauli
blocking term and the perturbative Coulomb correction. Besides this, the two-nucleon
correlations, such as the deuteron binding energy and the scattering phase shifts were also
studied with the generalized Beth-Uhlenbeck approach in a hot iso-symmetric nuclear mat-
ter [29, 30]. At a density near a critical value (Mott density), the two-nucleon clustering
is strongly suppressed by the Pauli blocking and the quasi-particle energy shift. In [5], a
nite temperature nuclear medium has studied using the thermodynamic imaginary-time
Green's function formalism with the quasi-particle approximation. There have been many
works on nite temperature nuclear medium based on the thermodynamic imaginary-time
Green's function formalism with the ladder T-matrix approach [29, 31, 32]. Alternatively,
the real-time Green's function formalism has been applied to compact star, which was
reviewed in [33], recently. The thermodynamic Green's function formalism has also been
applied to reactions in nuclear medium. For example, the nucleon-nucleon scattering with
the quasi-particle picture has been studied in [34]. Also the neutrino emissivity for the
modied URCA and neutron-neutron bremsstrahlung processes has been worked out with
an approximation that the two-nucleon relative and center-of-mass momenta are set to
the Fermi momentum for a certain prole of a neutron star matter [35]. They found the
drastic reductions of emissivities in a high density because of low momentum exclusions
by the Pauli blocking.
In part II of this thesis, we employ the thermodynamic imaginary-time Green's function
and ladder T-matrix approach with the quasi-particle approximation. To simplify the
analysis, we consider only S-wave of two-nucleon system, and adopt a single-term separable
NN potential to describe the interaction. Although we investigate the medium eects
within a simple setup, it can reveal to which extent our analysis on neutrino reactions
without including in-medium eects works in the supernova environments.
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This thesis is arranged as follows. In Part I we discuss neutrino emission via deuteron
breakup or formation. In chapter 2, we discuss a possible role played by neutrino emis-
sions via deuteron breakup/formation (NEvDBF) in the supernova core. The theoretical
framework for calculating the cross sections for NEvDBF and the corresponding neutrino
emissivities are outlined in chapter 3, and the numerical results are presented in chapters
4.1 and 4.2. The implications of these results for the supernova mechanism are discussed
in section 4.2.2 and section 4.2.3, and section 4.2.4 is dedicated to a summary.
The part II are given for the investigations of the in-medium eects for the deuteron
reaction. The thermodynamic Green's function method and T-matrix approximation ap-
proach are reviewed in chapter 5 and 6, respectively. The quasi-particle approximation,
and the resulting nucleon self-energy, bound state and neutrino emissivity in this scheme
are discussed in chapter 7. Summary and conclusion of our thesis are given in chapter 8.
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Part I
Neutrino reactions, cross section
and emissivity
7
Chapter 2
Neutrino Reaction via Deuteron
We consider the following NEvDBF reactions where the rst four reactions occur via the
charged-current (CC) whereas the the neutral-current (NC) acts in last one:
d+ e  ! n+ n+ e ; (2.0.1)
d+ e+ ! p+ p+ e ; (2.0.2)
n+ n ! d+ e  + e ; (2.0.3)
p+ p ! d+ e+ + e ; (2.0.4)
p+ n ! d+  +  : (2.0.5)
It is to be noted that, while the rst four reactions concern the emission of e or e only,
the last one provides the  pair-emission of all three avors. These processes will be
compared with the neutrino reactions on the nucleon, which have been used routinely in
studying supernovae and neutron stars. Those basic reactions for the neutrino emission
are:
p+ e  ! n+ e ; (2.0.6)
n+ e+ ! p+ e ; (2.0.7)
n+ n ! p+ n+ e  + e ; (2.0.8)
p+ p ! p+ n+ e+ + e ; (2.0.9)
N +N 0 ! N +N 0 +  +  ; (2.0.10)
e  + e+ !  +  : (2.0.11)
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As mentioned, these processes that are commonly considered in the literature are referred
to as the conventional processes. The reactions (2.0.6) and (2.0.7) describe the e /e+-
captures on the nucleon producing e/e and are called the direct Urca processes. The
reactions (2.0.8) and (2.0.9) are the modied Urca processes where the nucleon-nucleon
collisions emit e and e. Note that in the two last reactions a pair of  of all avors is
produced by what is called the nucleon-nucleon bremsstrahlung process (2.0.10) and by
the e+e  annihilation (2.0.11) reaction, respectively.
The reactions listed above determine the neutrino emission and the detailed balance
between neutrons and protons. The NC reactions produce pairs of  and act as a cooling
mechanism. When the CC reactions are frequent enough, the proton and neutron fractions
are determined through the -equilibrium, e = n   p +  . The chemical equilibrium
is realized among electrons, positrons, nucleons and neutrinos in the proto-neutron star.
At the surface of the proto-neutron star(densities  1011   1013g/cm3) where neutrinos
are emitted, one has to solve the neutrino transfer equation with detailed rates of the
neutrino reactions to determine the neutrino distribution and its evolution associated
with the change of composition of matter.
We remark that the reaction rates depend on the degeneracy of leptons and nucleons in
the supernova environment. One has to consider the their energy distributions in the initial
and nal states in evaluating these reaction rates. Especially when the leptons and/or
nucleons in the matter are degenerate, the reaction rates are signicantly suppressed.
2.1 Electron/Positron Capture on Deuteron
The e -capture on the deuteron, (2.0.1), instead of the proton, (2.0.6), acts as a source
of e at the surface of the proto-neutron star if deuterons are abundant. Similarly, the
e+-capture on the deuteron (2.0.2) produces e. In a supernova core, the total number
of nucleons is the sum of free nucleons and those bound in nuclei. Thus a supernova
simulation that takes into account the light element abundance, one has less number of
free nucleons and more nucleons which are bound in light elements. The e /e+-capture
on the free nucleons is a major source of the neutrino emission and the cooling process in
a conventional treatment of supernova simulations that do not consider the light element
abundance. Therefore, if the capture rates on the deuteron are dierent from those on the
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free nucleon, the neutrino uxes and the cooling rate will be modied from those based
on the conventional supernova simulation. This could lead to a reduction of neutrino
luminosities and if so may not only become a negative eect for the neutrino heating
mechanism but could also slow down the neutronization speed of proto-neutron star cooling
in addition.
Just like the rst direct Urca process (2.0.6) the e -capture on the deuteron acts as
a source of neutronization of proto-neutron star and drives the dense matter toward the
neutron-rich side by changing protons into neutrons with neutrino emissions. Similar to
the second direct Urca process (2.0.2) the e+-capture on the deuteron acts as a counter
reaction. In addition, in the matter with trapped neutrinos (density > 1012g/cm3) the
reversed reactions (neutrino absorptions) may take place as well. The balance between
neutrons and protons are determined through the quasi-equilibrium and the speed of
deleptonization by neutrino emissions.
2.2 Deuteron Formation from Nucleon-Nucleon Scattering
The deuteron formation from two nucleons, (2.0.3), (2.0.4) and (2.0.5), are new sources
of neutrinos. They add neutrino ux to the one which is produced in the modied Urca
process and the nucleon-nucleon bremsstrahlung. The only dierence is that we allow the
nal two-nucleon states to form deuterons. These new reactions will take place regardless
of the abundance of the deuteron in the region outside the proto-neutron star.
The CC processes, (2.0.3) and (2.0.4), occur in addition to the modied Urca processes,
(2.0.8) and (2.0.9), and the conventional processes (2.0.6) and (2.0.7), for e (e)-emission.
They will be part of the reactions which determine the composition under quasi-chemical
equilibrium. As is well known, when the proton fraction is small enough in cold neutron
stars, the direct Urca process (2.0.6) is hindered and the modied Urca process (2.0.8) is
essential for the cooling. The processes with positrons in the initial state are hindered in
the cold neutron stars, where electrons are degenerate and positrons are scarce.
In non-degenerate situation when the temperature is high enough, both the two pro-
cesses, (2.0.3) and (2.0.4) can proceed in the supernova core environment.
The NC process, (2.0.5), is a new channel on top of the conventional nucleon-nucleon
bremsstrahlung, (2.0.10). The importance of the nucleon-nucleon bremsstrahlung for the
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 pair emission is well known through studies on cold neutron stars and supernovae.
The nucleon-nucleon bremsstrahlung is one of the main sources of cooling of cold neutron
stars, and [36] pointed out this process' importance as a dominant source of the  and
 pair creation in the proto-neutron star cooling. The NC processes are important in
the supernova since  and  carry away the energy with almost no energy deposition
in the heating region [1, 2, 3]. The nucleon-nucleon bremsstrahlung has been routinely
implemented in the supernova simulations in addition to the  production due to the
e e+ annihilation. As this paper suggests there is an additional  producing channel,
NN ! d, which we will show in the next chapters can be of importance for the cooling
of the proto-neutron star.
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Chapter 3
The Formulation of the Neutrino
Process
3.1 Weak interaction Hamiltonian
The standard low-energy interaction Hamiltonian for the semileptonic weak process is
given by the product of the hadron current (J) and the lepton current (L) as
HCCW =
G0FVudp
2
Z
dx[JCC (x)L
(x) + h. c.] ; (3.1.1)
HNCW =
G0Fp
2
Z
dx[JNC (x)L
(x) + h. c.] ; (3.1.2)
for the CC and the NC processes, respectively. The weak coupling constant G0F = 1:1803
10 5 GeV 2 is taken from [21], and the CKM matrix element Vud = 0:9740 is given in
[37]. The weak hadronic currents are a combination of a vector current V  and an axial
vector current A:
JCC = V

  A ; (3.1.3)
JNC = (1  2 sin2 W )V 3  A3   2 sin2 WV s ; (3.1.4)
where W is the Weinberg angle. The superscript +( ) denotes the isospin raising (lower-
ing) operator and the superscript '3' denotes the third component of the isovector current.
V s is iso-scalar vector current. The lepton current L is
L =  l(1  5)  : (3.1.5)
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The weak nuclear currents consist of one-nucleon [impulse-approximation (IA)] current
and two-nucleon meson-exchange currents (MEC).
3.2 Impulse approximation current
The matrix elements of the vector and axial-vector IA currents are written as
hN(p0) j V  (0) j N(p)i = u(p0)

fV  + i
fM
2MN
q


u(p) (3.2.1)
hN(p0) j A (0) j N(p)i = u(p0) [fA5 + fP5q] u(p); (3.2.2)
where MN is the nucleon masses, q
 = p0   p is the lepton momentum transfer and 
is the isospin raising/lowering operator. The third component of the isovector current is
given by a replacement of  with 3=2. The isoscalar current is given as
hN(p0) j V  (0) j N(p)i = u(p0)

fV  + i
f sM
2MN
q


1
2
u(p): (3.2.3)
These general form of the matrix elements follow from the Lorentz invariance and the
parity invariance of the strong interactions. Here the second class currents are dropped.
The form factors fV ; fM ; fA and fP are the Lorentz invariant functions that depend on
the squared momentum transfer q2, which are so-called the vector, weak magnetism,
axial-vector and pseudo-scalar type form factors, respectively. These are conventionally
parametrized as [38, 39]
fV (q
2
) = GD(q
2
)(1 + p)(1 + )
 1 (3.2.4)
fM (q
2
) = GD(q
2
)(p   n   1  n)(1 + ) 1 (3.2.5)
fA(q
2
) = gAGA(q
2
) (3.2.6)
fP (q
2
) =  
2mN
m   q2
gA(q
2
) (3.2.7)
f sM (q
2
) = GD(q
2
)(p   n   1 + n)(1 + ) 1; (3.2.8)
with
GD(q
2
) =
 
1  q
2

0:71GeV2
! 2
(3.2.9)
GA(q
2
) =
 
1  q
2

1:04GeV2
! 2
; (3.2.10)
where p = 2:793; n =  1:913 [40], gA = 1:267 [41],  =  q2=4m2N , and m is the pion
mass.
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The non-relativistic form of the IA currents that we will use are given by
V IA;0(x) =
X
i
fV 

i (x  ri) (3.2.11)
V IA(x) =
X
i

fV
p0 + p
2mN
+
fV + fM
2mN
r i

i (x  ri) (3.2.12)
AIA;0(x) =
X
i

fA
2mN
i  (p0 + p)  ifP q
0
2mN
i r

(3.2.13)
AIA(x) =
X
i

fAi +
fP
2mN
r(r  i)

i (x  ri) (3.2.14)
V sIA;0(x) =
X
i
fV
1
2
(x  ri) (3.2.15)
V sIA(x) =
X
i

fV
p0 + p
2mN
+
fV + f
s
M
2mN
r i

1
2
(x  ri): (3.2.16)
3.3 Exchange currents
We follow the NSGK formula for the exchange current [20, 21]. First we consider the
axial-vector exchange currents, AMEC , consisting of a pion-pole term and non-pole term,
AMEC . Using the PCAC hypothesis we can construct the A

MEC from only non-pole term
AMEC =
AMEC  
q
m   q2
(q  AMEC   q0 AMEC;0): (3.3.1)
Following [26], for space components of the axial-vector exchange currents AMEC , we
consider the -pair current (denoted by S), -pair current (S), -exchange current
(), -exchange -excitation current () and -exchange -excitation current ().
These diagrammatic representations are shown in Fig. 3.1 The explicit form of the space
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∆
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Figure 3.1: Diagrams contributing to the space components of axial-vector exchange cur-
rent AMEC . Diagram (a) and (b) represent the - (S) and - pair (S) current. (c)
is the -exchange current (). (d) and (e) are the -exchange -excitation () and
-exchange -excitation () current.
components of the axial-vector exchange currents are as follows
Aij(q;S) =  
fAf
2
NN
mNm2
i  kj
m2 + k
2
j
f2(kj)

n
(i  j)i  kj   j [q + ii  (pi + p0i)]
o
+ (i$ j) (3.3.2)
Aij(q; S) = fA
f2 (1 + )
2
4m3N
f2 (kj)
m + kj


j

(j  kj) kj   i[i  (j  kj) (pi + p0i)]
	
+(i  j)

qi  (j  kj) + i(j  kj) (pi + p0i)
 [i  (j  kj)] kjg) + (i$ j) (3.3.3)
Aij(q;) = 
16
25
fA
fNN
m2(m  mN )
j  kj
m + k2j
f2
h
4j kj   (i  j)i  kj
i
+(i$ j) (3.3.4)
Aij(q;) =  
4
25
fA
f2 (1 + )
2
m2N (m  mN )
f2 (kj)
m2 + k
2
j

n
4j (j  kj) kj   (i  j)i  [(j  kj) kj ]
o
+(i$ j) (3.3.5)
Aij(q;) = 2fA
f
mN
J  kj
(m2 + k
2
i )(m
2
 + k
2
j )
f(ki)f(kj)(i  j)
 (1 + )i  ki   i(pi + p0)+ (i$ j); (3.3.6)
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where m and m are the masses of the  meson and -particle respectively. ki(j) denotes
the momentum transfer of the i th (j th) nucleon and q  ki + kj is the sum of these
momentum transfer. The form factors, f; f, for the pion-nucleon and -nucleon vertices
are parametrized as
f(k) =
2  m2
2 + k
2
; f(k) =
2  m2
2   k2
(3.3.7)
with  = 4:8fm
 1 and  = 6:8fm 1. The strength of the  and  currents is adjusted
to reproduce the experimental triton beta decay rate [26]. The overall factor   0:8 is
multiplied to  and  currents.
For the time component we employ the pion-exchange current, so-called KDR-current
[42] following from the low-energy theorem. The explicit form reads
A0ij(q;KDR) =
2
ifA

fNN
m

f2(kj)
j  kj
m2 + kj
(i  j) + (i$ j): (3.3.8)
Regarding the vector currents we neglect the time components which vanish in the
static limit. For the space components V we take account of the -pair (pair), pionic-
(pionic), -exchange -excitation and -exchange -excitation () currents shown in Fig.
3.2. Their explicit form are as follows:
V ij (q; pair) =  2ifV

fNN
m
2
f2(kj)
i(j  kj)
m2 + k
2
j
(i  j) + (i$ j) (3.3.9)
V ij (q; pionic) = 2ifV

fNN
m
2
f(ki)f(kj)
(i  ki)(j  kj)(ki   kj)
(m2 + k
2
i )(m
2
 + k
2
j )
(i  j) (3.3.10)
V ij (q;) =  4i
fV + fM
2m
"
f2(kj)
m2 + k
2
j
q  fc0kjj + d1(i  kj)(i  j))g(j  kj)
+
f2 (kj)
m2 + k
2
j
q  fckj  (j  kj)j + di  (kj  (j  kj))(i  j))g
#
+(i$ j): (3.3.11)
The one-pion-exchange potential requires Eq. (3.3.9) and (3.3.10) to satisfy vector current
conservations. The numerical values of the various parameters are
f2
4
= 0:08; c0m
3
 = 0:188; d1m
3
 =  0:044; cm3 = 36:2; d =  
1
4
c: (3.3.12)
This model description of the vector current has been well tested by comparing the
model predictions with, e.g., the measured n+ p! d+  reaction data [20].
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pi(a)
pi pi
(b)
pi
∆
(c)
ρ
∆
(d)
Figure 3.2: Diagrams contributing to the space components of vector exchange current
VMEC . Diagram (a) represents the -pair (pair) current. (b) is the pionic (pionic) current.
(c) and (d) are the - and -exchange -excitation () currents.
3.4 Multipole operators
The matrix element of the current-current form of the semi-leptonic eective Hamiltonian
is given by
hF; f j R dxJ(x)L(x)jI; ii = (2)33(PI + Pi   PF   Pf )jl (3.4.1)
l = hf jL(0)jii; j = hF jJ(0)jIi; (3.4.2)
where jIi and jF i are the nuclear initial and nal states, and jii and jfi are the lepton
initial and nal states. Hereafter the dependence on the center-of-mass motion of nuclear
system is eliminated from the nuclear current by using J ! J . This matrix element can
be expand by using the multipole operators T JMx as
lj =
X
JoMo
4iJo( 1)Mo
hF jT JoMoC lJo MoC + T JoMoE lJo MoE + T JoMoL lJo MoL + T JoMoM lJo MoM jIi:
(3.4.3)
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The nuclear multipole operators for the charge, electric, magnetic and longitudinal are
dened by
T JME (J ) =
1
q
Z
dxr [jJ(qx)YJJM (x^)] J (x); (3.4.4)
T JMM (J ) =
Z
dxjJ(qx)YJJM (x^) J (x) (3.4.5)
T JML (J ) =
i
q
Z
dxr[jJ(qx)YJM (x^)] J (x) (3.4.6)
T JoC (J ) =
Z
dxjJ(qx)YJM (x^)J0(x); (3.4.7)
where YJLM (x^) are the vector spherical harmonics, q is the magnitude of momentum
transfer from the lepton to the nuclei, jJ(qx) is the spherical Bessel functions of order J ,
and x^  x=jx. The longitudinal operator of the vector current is related to the charge
operator through the CVC as
T JoL (V) =  
!
q
T JoC (V): (3.4.8)
The expansion for the lepton matrix element are given as
`JMC = YJM (q^) l
0; (3.4.9)
`JME =
 r
J + 1
2J + 1
YJ 1JM (q^) +
r
J
2J + 1
YJ+1JM (q^)
!
 l; (3.4.10)
`JMM = YJJM (q^)  l; (3.4.11)
`JML =
 r
J
2J + 1
YJ 1JM (q^) 
r
J + 1
2J + 1
YJ+1JM (q^)
!
 l: (3.4.12)
3.5 Nuclear matrix elements
The transition probability due to the electron(positron) capture e(p) + i! ()(p0) + f
of the initial two nucleon state i(jLSJT;Mi) to the nial state f(hL0S0J 0T 0;M 0j) can be
written with X (f; i; p0; p) asX
spin0s
jhf(L0S0J 0T 0;M 0); ()(p0)jHW ji(LSJT;M); e(p)ij2 = 2(4)
X
spin0s
X (f; i; p
0; p):
(3.5.1)
Here L; S; J and T are orbital, spin, total angular momentum and isospin of two-nucleon
state. We sum all spin states of leptons and two-nucleon states. For  =CC and NC
reactions, X is given as
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X (f; i; p
0; p) =
G2F
2
FZ(E)
0@ V 2ud
1
1AX
Jo
[
jhT JoC (V)ij2(1 +   0 +
q20
q2
(1    0 + 2q^  q^  0)  2q0
q
q^  ( + 0))
+jhT JoC (A)ij2(1 +   0) + jhT JoL (A)ij2(1    0 + 2q^  q^  0)
+2Re[hT JoC (A)ihT JoL (A)i] q^  ( + 0)
+[jhT JoM (V)ij2 + jhT JoE (V)ij2 + jhT JoM (A)ij2 + jhT JoE (A)ij2]
(1  q^   q^  0)
2Re[hT JoM (V)ihT JoE (A)i + hT JoM (A)ihT JoE (V)i] q^  (   0)]
: (3.5.2)
Here  = p=e(p) is velocity of the lepton with p and p0 being the momentum of electron
or position and neutrino. FZ(E) is Fermi function to take account of Coulomb correction
for the electron wave function. The nuclear reduced matrix element hoi = hf jjOjjii of
the multipole operator O is dened in Eq. (60) of [20], which includes all information of
nuclear current and nuclear wave functions. For e -capture on the deuteron, the reduced
nuclear matrix elements should be understood as
hOi =
X
L=0;2
hL0S0J 0T 0;NN jjOjjL; S = 1; J = 1; T = 0; di: (3.5.3)
The deuteron bound state and the two nucleon scattering state wave functions are written
as
jL; S = 1; J = 1; T = 0; di =
h
[YL(r^)
 [(1)
 (2)]Sd(1)
i
(J)
Rd(r) (3.5.4)
jLSJT ;NNi = 1 ( 1)L+S+Tp
2
P
L0 [YL0(r^)
 S ](J) T ()RJL0;L;S(r) (3.5.5)
where S and T are the two-nucleon spin and isospin wave functions with total spin S
and isospin T. The radial wave function of scattering state is normalized, in the plane
wave limit, so that
RJL0;L;S(r)! jL(p0r)L;L0 : (3.5.6)
The deuteron formation probability from two nucleons N + N ! l(p) + l(p0) + d is
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hdkT Jo (J )kNNi = (phase)hNNkT Jo (J )kdi; (3.5.10)
@
@
@
@
J V A
C ( 1)JNN+1 ( 1)JNN
L ( 1)JNN ( 1)JNN+1
E ( 1)JNN ( 1)JNN+1
M ( 1)JNN+1 ( 1)JNN
Table 3.1: The relative phases between the reduced matrix elements of the electron capture
and those of the deuteron formation.
written by
X
spin0s
jhd(L0S0J 0T 0;M 0); l(p); l(p0)jHW ji(LSJT;M)ij2
= 2(4)
X
LSJT;Jo
[h1=2 1 1=2 2jTTZi]2X+ (f; i; p0; p); (3.5.7)
where the lepton velocity and the momentum transfer are dened as follows
 =
pl
El
; 0 =
pl
El
; q =  pl   pl: (3.5.8)
For the deuteron formation reactions, the nuclear reduced matrix element is represented
as
hOi =
X
L0=0;2
hL0S0J 0T 0; djjOjjLSJT ;NNi: (3.5.9)
The dierence between the electron capture and the deuteron formation in the nuclear
reduced matrix element appears in the phase of the total angular momentum. For the
vector(V) and axial-vector(A) currents, the relations of the reduced matrix elements in
terms of the multipole operators() are given as Eq. (3.5.10) and the Table 3.1.
3.6 Cross section and neutrino emissivity
In this work, we evaluate the cross sections and emissivities of the semileptonic processes,
(2.0.1) - (2.0.5). The emissivities for the neutrino Q , and the anti-neutrino Q are given
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by integrating the transition probability over the momentum, pi;k (pf;l), of the initial
(nal) particles labeled by k (l) with a weighting factor of the momentum distributions:
Q() =
(2)4
sisf
Z Y
k
[
dpi;k
(2)3
]
Y
l
[
dpf;l
(2)3
](4)(
X
l0
pf;l0  
X
k0
pi;k0)
 !()
X
i;f
jhf jHW jiij2  ; (3.6.1)
where si (sf ) is a symmetry factor for the identical two nucleons in the initial (nal)
state, !() is the energy of the emitted neutrino (anti-neutrino). The summation
P
i;f is
over spin states of the initial and nal particles. The symbol  represents the occupation
probability of incoming particles and the Pauli blocking for outgoing particles. Note that
the Pauli blocking factor for the nal state neutrino(anti-neutrino) is not included in 
for Q(Q).
 =
Y
k=initial particle
fk(pk)
Y
l=nal fermion 6=()
(1  fl(pl)) (3.6.2)
with
fk =
1
exp((ek   k)=kBT ) 1 (3.6.3)
for a fermion (+) and a boson ( ), with ek (k) being the energy (chemical potential) for
particle k, and kBT is the temperature multiplied by the Boltzmann constant.
The corresponding cross section formula is given in the standard way as
i!f =
(2)4
sfvrel
Z Y
l=1
dpf;l
(2)3
(4)(
X
l0
pf;l0  
X
k0
pi;k0)
Y
k00
1
2si;k00 + 1
X
i;f
jhf jHW jiij2;
(3.6.4)
where vrel is the relative velocity of the incoming particles. More detailed formula for
the cross sections and emissivities for the dierent processes are given in the following
sections.
3.6.1 Electron and positron capture on deuteron
The cross section formula for the electron/positron capture reaction e (pe) + d(Pd) !
e(p) + n(p
0
1) + n(p
0
2) / e
+(pe) + d(Pd)! e(p) + p(p01) + p(p02) is given as
e cap =
mN
3
Z p;max
0
dpp
2
p
0
NN
Z 1
 1
d cos ll
X
L0;S0;J 0;T 0
XCC(NN(L
0S0J 0T 0 = 1); d; p ; pe):
(3.6.5)
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Here N denotes neutron/proton for the electron/positron capture reaction. We introduced
the relative momentum p0NN = (p
0
1 p02)=2 and the center of mass momentum P 0 = p01+p02
of nal two nucleons.  = pe=e(pe) denotes the velocity of the electron.
The neutrino emissivity Qe=e for electron neutrino or anti-neutrino is given as
Qe=e =
mN
86
Z 1
0
dpe
Z p;max
0
dpp
3
p
2
ep
0
NN hie=e

Z 1
 1
d cos e
X
S0L0J 0;T 0=1
XCC(NN(L
0S0J 0T 0 = 1); d; pe; p): (3.6.6)
Here hie=e is given as
hie=e = fe(pe)
Z
dPdfd(Pd)(1  fN (Pd=2 + p0NN ))(1  fN (Pd=2  p0NN )):
(3.6.7)
Since the exact formula of emissivity includes 8 dimensional phase-space integration, we
have introduced an approximation to make the numerical integration manageable. Namely,
we factorize the angular dependence of the matrix element and that of , we obtain as
approximated formula asZ
d
p0NN jhf jHW jiij
2 
Z
d
p0NN jhf jHW jiij
2 
Z
d
p0NN
4
: (3.6.8)
Moreover, we have neglected the dierence between the center of mass energy of two-
nucleon and the deuteron, and we used p02NN=mN = ee(pe) +md   p   2mn.
3.6.2 Neutrino emission in deuteron formations
The cross section formula of the neutrino emission in nucleon-nucleon scattering N(p1) +
N(p2)! d(Pd) + l(pl) + l(pl) are given as
NN fusion =
2NN
pNN
f
Z pmax
0
dplp
2
l p
2
l

Z 1
 1
d cos ll
X
LSJT
X+ (d;NN(LSJT ); pl; pl) (3.6.9)
where  = CC for reactions (2.0.3) and (2.0.4) and  = NC for reaction (2.0.5). We
denote the momentum of lepton as pl and that of anti-lepton as pl and the momentum
transfer q =  pl   pl. cos ll = p^l  p^l is the lepton angle.
The isospin factor f is f = 1 and 1=2 for the CC and NC reactions, respectively.
22
The emissivity is given as
Q= =
1
46
Z 1
0
dpNN
Z pl;max
0
dplp
2
NNp
2
l plel(pl)phi=

Z 1
 1
d cos e
X
SLJT
X+ (d;NN(LSJT ); pl; pl) (3.6.10)
Neutrino energy p is either pl or pl for neutrino or anti-neutrino emissivity and
hi= = F (pl; pl)
Z
dP fN (P =2 + pNN )fN (P =2  pNN ): (3.6.11)
Here for CC reactions (2.0.3) and (2.0.4) F is given as
F (pl; pl) = 1  fe(pl) for (2:0:3) (3.6.12)
= 1  fe(pl) for (2:0:4); (3.6.13)
while for NC reaction (2.0.5), F is given as
F (pl; pl) = 1  f(pl) for Q (3.6.14)
= 1  f(pl) for Q : (3.6.15)
We approximate the energy conservation relation as el(pL) = mN1+mN2+pNN
2=(2NN ) 
el(p) md with the relative momentum of two nucleon pNN and reduced mass NN .
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Chapter 4
Results
In this chapter, we study the cross sections of the neutrino production reactions, (2.0.1)-
(2.0.5) for kinetic energies of initial states up to around 100 MeV. Here we examine the
total cross sections of electron capture on the deuteron and weak fusion processes in com-
parison with the electron capture on the nucleon. The role of new neutrino production
reactions(2.0.1)-(2.0.5) in the supernova explosion depends on the temperature, density
and fractions of electron, nucleon and deuteron. As a representation of typical environ-
ment, we examined the emissivities at particular time slice, which is 150ms after core
bounce predicted in [5]. The emissivities of the new reactions are compared with those of
routinely included reactions and possible eects of the new mechanisms are discussed.
4.1 Neutrino production cross sections
4.1.1 Total cross sections
The total cross sections of the electron-deuteron reaction are shown in Fig. 4.1 for e +d!
n + n + e, (left panel) and for the positron-deuteron reaction, e
+ + d ! p + p + e,
(right panel). The cross sections of the two reactions are almost the same magnitude
except at the very low-energy region where the cross section of the e+-capture is larger
than that of the e -capture because of a dierence in the Q-value. In the low-energy
region, Ee < 50 MeV, the cross section for the e
  (e+)-capture on the deuteron is smaller
than that of the proton (neutron) by a factor of more than 3, mainly due to the higher
threshold energy. In other words, the neutrino production rate due to the e  (e+)-capture
on the free proton (neutron) is reduced when the nucleon is bound in a deuteron. The
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Figure 4.1: Total cross sections for the e -capture on the deuteron. The solid and dashed
curves in the left (right) panel shows the total cross sections of the electron (positron)
capture on the deuteron and the proton (neutron), respectively.
reduced rate of the e  (e+)-capture on the deuteron would play a detrimental role if one
introduces light elements in a supernova simulation. We note that in the higher energy
region(50MeV < Ee < 150MeV), the cross section for the e
  (e+)-capture on a bound
proton become comparable to that of a free proton(neutron) but still smaller, because of
the phase space dierences.
The neutrino productions due to the weak fusion processes in the nucleon-nucleon
scattering, (2.0.3)-(2.0.5), are shown in Fig. 4.2. The cross sections for the CC processes
are about four times larger than the NC process. This is partly due to the isospin- and
the symmetry factor for the initial identical nucleons. Also note that the three processes
(2.0.3), (2.0.4) and (2.0.5) are exothermic reactions. Thus cross sections follow the 1=v law
in the low-energy region except for the pp-fusion reaction where the Coulomb repulsion
between the protons reduces the transition probability. Our result of pp-fusion cross section
at keV region agrees well with the previous work of [26].
The cross sections of the weak fusion processes are about 103  104 times smaller than
that of the e  (e+)-capture on the deuteron. This can be understood form the phase
space of nal state and incident ux at least for the low energy region. We assume that
the nuclear matrix element of weak current is energy independent and the same for both
reactions. We also neglect the electron mass and center of kinetic energy of the two-
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Figure 4.2: Total cross sections for p+n! d+x+x(solid, black), p+p! d+e++e(dash-
dot, blue) and n+ n! d+ e  + e (dash-two-dot, dark-blue) reactions.
nucleon center of mass motion. Then the cross sections (3.6.5) and (3.6.9) can be written
apart from the common energy independent factor as
Ied =
1
3
Z !
0
dpp
2
p
0
NN (4.1.1)
INN fusion =
Z !
0
dp
p2p
2
l
pNN
: (4.1.2)
where ! = p;max denotes the maximum neutrino energy. The integral can be written as
Ied =
1
3
Z !
0
dpp
2

p
mN (!   p) = pmN!7=2  16
315
(4.1.3)
INN fusion =
Z !
0
dp
p2(!   p)2p
mN!
=
p
mN!
7=2  !
30mN
: (4.1.4)
Therefore, if maximum neutrino energies of those reactions are chosen to be the same, we
obtain
INN fusion ' !
mN
Ied: (4.1.5)
This relation explains ed >> NN for low energy region.
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HHHHHHHH
2S+1LJ
Elab
10MeV 50MeV 100MeV 150MeV
1S0 0.995 0.808 0.556 0.400
3P0 0.001 0.037 0.075 0.089
3P1 0.002 0.044 0.080 0.087
1D2 0.000 0.011 0.046 0.078
3P2   3F2 0.002 0.098 0.217 0.275
3F3 0.000 0.001 0.009 0.020
1G4 0.000 0.000 0.003 0.011
3F4   3H4 0.000 0.001 0.012 0.031
3H5 0.000 0.000 0.001 0.003
1I6 0.000 0.000 0.000 0.002
3H6 0.000 0.000 0.001 0.005
Table 4.1: Contributions of the partial waves for the e  + d! n+ n+ e cross sections.
The rst column shows the two nucleon partial wave 2S+1LJ . The ratios of 
LSJ=(total)
are shown for several representative values of the incident electron laboratory energy Elab,
where (total) =
P
LSJ 
LSJ .
4.1.2 Contributions of NN partial waves
It is informative to decompose the total cross section into partial wave components of
the nucleon scattering states. The partial wave decomposition of total cross sections are
shown in Table 4.1 for the e + d! n+ n+ e and Table 4.2 for the e++ d! p+ p+ e.
Here the partial waves are summed up to JNN  6 (JNN : total angular momentum).
For each reactions, e - and e+-captures on the deuteron, it is enough to take the partial
waves up to JNN  4 to obtain convergence of the cross sections. In the low-energy region,
Ee < 50MeV, the dominant transition matrix element is the Gamow-Teller transition from
the deuteron to the 1S0 scattering state. P-wave contribution become important at higher
energies.
The partial wave decompositions of the total cross sections for the weak fusion processes
(2.0.3)-(2.0.5) are presented in Tables 4.3, 4.4 and 4.5. It is enough to take the two-nucleon
partial waves up to JNN < 3 in the energy region we studied. In contrast to the e
 (e+)-
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HHHHHHHH
2S+1LJ
Elab
10MeV 50MeV 100MeV 150MeV
1S0 0.992 0.790 0.529 0.378
3P0 0.001 0.032 0.066 0.078
3P1 0.002 0.043 0.094 0.125
1D2 0.000 0.011 0.039 0.057
3P2   3F2 0.005 0.122 0.247 0.302
3F3 0.000 0.001 0.009 0.019
1G4 0.000 0.000 0.003 0.007
3F4   3H4 0.000 0.001 0.012 0.026
3H5 0.000 0.000 0.001 0.002
1I6 0.000 0.000 0.000 0.001
3H6 0.000 0.000 0.001 0.004
Table 4.2: Contributions of the partial waves for the e+ + d! p+ p+ e cross sections.
HHHHHHHH
2S+1LJ
TNN
10MeV 50MeV 100MeV 150MeV
1S0 0.913 0.185 0.030 0.006
3P0 0.003 0.007 0.006 0.007
3P1 0.020 0.085 0.072 0.063
1D2 0.042 0.628 0.782 0.784
3P2   3F2 0.022 0.086 0.084 0.097
3F3 0.000 0.009 0.026 0.042
1G4 0.000 0.000 0.000 0.001
3F4   3H4 0.000 0.000 0.000 0.000
3H5 0.000 0.000 0.000 0.000
1I6 0.000 0.000 0.000 0.000
3H6 0.000 0.000 0.000 0.000
Table 4.3: Contributions of the partial waves for the n+ n! d+ e  + e cross sections.
The ratios of LSJ=(total) are shown for several incident nucleon-nucleon kinetic energies
TNN.
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HHHHHHHH
2S+1LJ
TNN
10MeV 50MeV 100MeV 150MeV
1S0 0.939 0.216 0.036 0.008
3P0 0.002 0.006 0.006 0.007
3P1 0.015 0.081 0.071 0.063
1D2 0.032 0.608 0.779 0.785
3P2   3F2 0.012 0.080 0.083 0.095
3F3 0.012 0.008 0.024 0.041
1G4 0.000 0.000 0.000 0.001
3F4   3H4 0.000 0.000 0.000 0.000
3H5 0.000 0.000 0.000 0.000
1I6 0.000 0.000 0.000 0.000
3H6 0.000 0.000 0.000 0.000
Table 4.4: Contributions of the partial waves for the p+ p! d+ e+ + e cross sections.
HHHHHHHH
2S+1LJ
TNN
10MeV 50MeV 100MeV 150MeV
1S0 0.923 0.170 0.021 0.002
3P0 0.002 0.006 0.006 0.007
3P1 0.016 0.054 0.036 0.027
1D2 0.047 0.701 0.861 0.869
3P2   3F2 0.013 0.059 0.048 0.047
3F3 0.000 0.010 0.028 0.047
1G4 0.000 0.000 0.000 0.001
3F4   3H4 0.000 0.000 0.000 0.000
3H5 0.000 0.000 0.000 0.000
1I6 0.000 0.000 0.000 0.000
3H6 0.000 0.000 0.000 0.000
Table 4.5: Contributions of the partial waves for the n+ p! d+  +  cross sections.
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Figure 4.3: MEC contributions of the n+ n! d+ e  + e total cross section. The solid
and dashed lines shows the results using IA + MEC for NN partial waves J  6 (IA+MEC
J = 6) and IA only for J  6 (IA J = 6), respectively.
capture, we can see that the higher partial waves of initial two-nucleon state other than
1S0 quickly increases its importance as the two-nucleon kinetic energy of the relative
motion (TNN ) increases. For TNN > 20 MeV, the Gamow-Teller transition between the
1D2 deuteron is the dominant transition amplitude.
4.1.3 Meson Exchange Current
Fig. 4.3 shows that the n+ n! d+ e  + e cross section using IA + MEC and IA only,
for which all partial waves (J  6) are included. Interestingly, it can be seen that the
contribution of the MEC increases and becomes as important as the IA contribution as
TNN increases.
To see how much each component of the currents contributes to the cross sections for
nn! d reaction, we decompose the lepton angle integrated matrix elementZ
d cos llX
: (4.1.6)
into IA and MEC contributions. X is the square of the matrix elements from (3.5.2).
Although interference terms of IA and MEC are important for evaluating cross section,
this decomposition is useful as the indication of estimating current contributions. The
results are displayed in Tables 4.6 and 4.7 for which the two-nucleon kinetic energy TNN
are 10 and 100 MeV, respectively. The chosen lepton energy corresponds to a peak position
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1S0
3P0
3P1
1D2
3P2   3F2 3F3 total
IA 0:512 101 0:840 10 2 0:834 10 1 0:232 100 0:137 100 0:579 10 3 0:558 101
pi-Delta(A) 0:148 10 1 0:525 10 7 0:140 10 5 0:137 10 3 0:903 10 6 0:806 10 8 0:150 10 1
rho-Delta(A) 0:209 10 2 0:187 10 9 0:242 10 8 0:139 10 5 0:188 10 8 0:856 10 12 0:209 10 2
pi-Delta(V) 0:106 10 4 0:939 10 10 0:115 10 9 0:754 10 7 0:492 10 9 0:359 10 11 0:107 10 4
rho-Delta(V) 0:498 10 6 0:168 10 12 0:425 10 12 0:304 10 9 0:165 10 11 0:145 10 15 0:499 10 6
pi-pair(V) 0:119 10 4 0:426 10 10 0:261 10 9 0:578 10 7 0:268 10 9 0:206 10 11 0:119 10 4
pionic(V) 0:101 10 5 0:152 10 9 0:306 10 9 0:251 10 7 0:186 10 9 0:214 10 13 0:104 10 5
KDR(A0) 0:270 10 5 0:000 100 0:439 10 2 0:965 10 7 0:113 10 8 0:209 10 10 0:439 10 2
pi-pair(A) 0:386 10 4 0:365 10 6 0:150 10 6 0:331 10 4 0:195 10 6 0:660 10 9 0:724 10 4
rho-pair(A) 0:290 10 3 0:182 10 8 0:377 10 9 0:312 10 6 0:127 10 8 0:132 10 12 0:291 10 3
pi-rho(A) 0:385 10 3 0:514 10 7 0:272 10 6 0:161 10 4 0:318 10 6 0:216 10 9 0:401 10 3
Table 4.6: Partial wave and nuclear current decompositions of
R
dxeX for the reaction of
nn! de e. The rst column denotes the current contributions for
R
dxeX. The rst row
represents the two nucleon partial wave 2S+1LJ . 'total' is given as the summed
R
dxeX
over the partial waves. TNN=10MeV, E = 7.7MeV (peak position of the amplitude), Ee
= 5.8179MeV
of the matrix element.
We see from Table 4.6 that the main contribution for a low kinetic energy (TNN 
10MeV) are from IA, while MEC contributes less than 1%. In contrast, when the kinetic
energy increases MEC contributions become more signicant. Table 4.7 indicates that at
the higher energies KDR and   components of the axial vector currents are essential.
The KDR(A0) current contains spin-momentum operator which induces L = 1 transi-
tion, then this produces the large matrix element between 3P1 scattering state and the
deuteron S-,D-wave. Correspondingly, the axial     current has the tensor character
which produces the large matrix element between 1D2 scattering state and the deuteron
S-wave. For the impulse current, the dominant matrix element is hdjOIAj1D2i which is
due to the Gamow-Teller operator, and hsjOImpj3P1i; hsjOImpj1S0i give sub-leading con-
tributions.
It is notable that even though the relevant temperature in a supernova is T = 10  
20 MeV, the emissivity of NN ! d for T  15 MeV receives the largest contribution
from the energy region TNN  100 MeV as we will see later. To calculate the neutrino
processes in a supernova environment it is necessary to sum the two-nucleon partial waves
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1S0
3P0
3P1
1D2
3P2   3F2 3F3 total
IA 0:439 10 2 0:411 10 3 0:917 10 2 0:520 10 1 0:846 10 2 0:232 10 2 0:767 10 1
pi-Delta(A) 0:130 10 2 0:891 10 6 0:759 10 4 0:223 10 2 0:345 10 4 0:168 10 4 0:366 10 2
rho-Delta(A) 0:345 10 3 0:175 10 7 0:775 10 6 0:909 10 4 0:462 10 6 0:267 10 7 0:437 10 3
pi-Delta(V) 0:564 10 4 0:108 10 6 0:340 10 6 0:730 10 4 0:138 10 5 0:442 10 6 0:132 10 3
rho-Delta(V) 0:444 10 5 0:984 10 9 0:679 10 8 0:109 10 5 0:219 10 7 0:255 10 9 0:556 10 5
pi-pair(V) 0:164 10 4 0:266 10 7 0:189 10 6 0:146 10 4 0:751 10 6 0:292 10 7 0:320 10 4
pionic(V) 0:724 10 5 0:194 10 7 0:265 10 6 0:230 10 5 0:255 10 6 0:239 10 8 0:101 10 4
KDR(A0) 0:235 10 5 0:000 100 0:667 10 2 0:151 10 4 0:757 10 6 0:520 10 6 0:668 10 2
pi-pair(A) 0:109 10 3 0:901 10 5 0:766 10 5 0:533 10 3 0:151 10 4 0:985 10 6 0:675 10 3
rho-pair(A) 0:843 10 4 0:209 10 6 0:117 10 6 0:197 10 4 0:320 10 6 0:408 10 8 0:105 10 3
pi-rho(A) 0:204 10 4 0:274 10 5 0:194 10 4 0:198 10 3 0:251 10 4 0:826 10 7 0:266 10 3
Table 4.7: Partial wave and nuclear current decompositions of
R
dxeX for the reaction of
nn! de e. TNN = 100MeV;E = 51:5MeV (peak of the amplitude), Ee = 52.018MeV
up to JNN < 3, and to include the two-nucleon kinetic energy of the relative motion TNN
up to TNN  100MeV.
4.2 Neutrino emissivities
4.2.1 Supernova proles
In order to study the consequences of neutrino emissions due to deuteron breakup and
formation (DBF) for the supernova-explosion mechanism, we calculate neutrino emissiv-
ities for a given prole of a core-collapse supernovae, and compare the emissivities due
to DBF with those arising from the conventional processes. To this end, we consider two
representative proles of a supernova core, Compositions I and II.
Composition I is the one obtained in [43] in simulating gravitational collapse and core
bounce for a 15 M star (M: solar mass). This composition, which represents a typical
situation of the post-bounce phase with a stalled shock wave, has been obtained from a
numerical simulation adopting the Shen equation of state (EOS) [9, 10, 44]. Composition
I includes only nucleons, 4He and a single heavy nucleus in the Shen EOS. Fig. 4.5
shows the temperature (T ) and the density () as functions of the distance r from the
supernova center, pertaining to a snapshot at 150 ms after the core bounce. The neutrino
emissivities due to these conventional processes [45] presented in this work are calculated
32
10
-4
10
-3
10
-2
10
-1
10
0
 20  40  60  80  100
X
i
r[km]
Xn
Xp
Xd
X4He
Figure 4.4: Mass fractions pertaining to a snapshot at 150 ms after the core bounce taken
from [5]. The mass fraction for the neutron, proton, deuteron and 4He are shown in
solid(red), long-dashed(green), short-dashed(blue) and dotted(magenta) curves, respec-
tively. The horizontal axis, r, is the distance from the supernova center.
with Composition I.
To assess the signicance of the new additional emissivities due to DBF, we consider
Composition II, which includes the mass fractions of the light elements obtained from the
nuclear statistical equilibrium model [5], i.e., nucleons, deuterons, tritons, 3He, 4He and
other nuclei are taken into account. Fig. 4.4 shows the mass fractions of neutron, proton,
deuteron and 4He. We remark that Compositions I and II share the same data for the
proles of T and  shown in Fig. 4.5. The nucleon chemical potentials needed to calculate
the emissivities are also taken from the Shen EOS.
Two regions in the prole will be discussed separately: the surface region of a proto-
neutron star (r > 20 km,  < 1013 g/cm3) and the inner region (r < 20 km,  > 1013
g/cm3). The former corresponds to the neutrino-sphere region between the surface of the
nascent proto-neutron star and the shock wave, where neutrino cooling and heating are
important. The latter corresponds to a high density region in the core of the proto-neutron
star. One can legitimately question the existence of free-space deuterons in dense nuclear
medium like the core region. Our aim here is to make a rst study of possible inuences of
deuteron-like correlations that may persist even in the core region. Obviously our results
for the core region obtained with the use of free-space deuterons are of exploratory nature
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Figure 4.5: The density(top panel), temperature (middle panel) and electron fraction
(bottom panel) distributions pertaining to a snapshot at 150 ms after the core bounce
taken from [5]. The horizontal axis, r, is the distance from the supernova center.
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and should be taken as such.
4.2.2 Emissivity from the surface region of a proto-neutron star
To set the stage for examining the possible inuences of e-emissivities due to DBF, we
rst present e-emissivities due to the conventional reactions calculated with Composi-
tion I. The top panel in Fig. 4.6 shows the emissivities arising from e    d(2.0.1 and
e p capture (2.0.6), while the bottom panel gives the emissivities due to nucleon-nucleon
bremsstrahlung (2.0.10). The gure indicates that e p capture gives a dominant con-
tribution. The nucleon-nucleon bremsstrahlung (2.0.10) and the pair-production process
(2.0.11) are about 10 3 smaller than that if e p capture and give only minor contributions
to the emissivity for the present prole.
The top panel in Fig. 4.6 gives the neutrino emissivity due to e -capture on the
deuteron (2.0.1) calculated for Composition II. The gure shows that the neutrino emis-
sivity due to e -capture on the deuteron is smaller than that on the proton (2.0.6) by a
factor of 2{102 depending on the distance rc. The relative importance between electron
capture on proton and deuteron can be understood by the cross sections and the mass frac-
tions. Since the non-degenerate approximation for the nucleon distribution is expected to
be valid in the surface region, the emissivity can be expressed by the neutrino production
cross sections and the numbers of the nucleon and deuteron:
e dnd
e pnp
=
e d
e p
 Xd=2mN
Xp=mN
 1
3
 Xd
2Xp
: (4.2.1)
This results shows that the emissivity for the e -capture on deuteron could be as important
as proton in a region where deuteron is abundant.
In Fig. 4.6 (bottom panel), it is shown that the neutrino emissivities from deuteron
formation (2.0.4) and (2.0.5) are orders of magnitude smaller than those from e -captures,
(2.0.1) and (2.0.6), and the pair-production process (2.0.11). However, the neutrino emis-
sivities from deuteron formations become comparable to the  emissivity from nucleon-
nucleon bremsstrahlung for distances closer to 100 km in the cooling region.
As for the e-emissivity shown in Fig. 4.7, e
+-capture on the neutron (2.0.7) is dom-
inant over the other processes due to the very large neutron abundance as well as the
relatively large cross sections. As seen, the emissivity due to e+-captures on the deuteron
(2.0.2) is smaller than those on the neutron by a factor of 102{103, but is compara-
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Figure 4.6: The e-emissivities are shown as functions of the distance r from the center
of the supernova evaluated with composition II except NN bremsstrahlung. In the top
panel, the neutrino emissivities due to e  captures on deuteron (2.0.1) and proton (2.0.6),
and e+e  annihilation (2.0.11) are shown in solid, dashed and dash-dotted curves, re-
spectively. In the bottom panel, the emissivities due to the pp and np fusion processes,
(2.0.4) (2.0.5), and NN bremsstrahlung (2.0.10) are shown in long-dash, solid and dotted
curves, respectively. The emissivities due to the reactions (2.0.10) and (2.0.11) are taken
from [43]. The emissivity due to the reaction (2.0.6) is evaluated by using 'phase space
constraints method' (see appendix A).
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ble to the pair-production process for r < 40 km. The emissions from nucleon-nucleon
bremsstrahlung and deuteron formation are also smaller than e+ capture on the deuteron.
We observe that the emissivities due to the deuteron formation from nn and np is com-
parable to that from NN bremsstrahlung and is more important in the outer region.
Let us compare the emissivity of the e-capture reactions for Composition I and Com-
position II. For the Composition II, abundances of light elements deuteron, triton and 3He
are taken into consideration, while they are not included for the Composition I. The left
panel in Fig. 4.8 represents the mass fraction of proton and deuteron for Composition
II, and that if proton for Composition I. The right panel in Fig. 4.8 shows the ratio of
the neutrino emissivity from e -captures on the proton and deuteron with Composition
II to that from e -captures on the proton with Composition I. As seen in Fig. 4.8 (left
panel), the total e-emissivity in some regions can be reduced by up to 40% due to the
deuteron abundance. This is due to the smaller e d capture cross section and also to
the smaller abundance of deuterons for Composition II compared to those of the proton
for Composition I. The free proton abundance in Composition II is smaller than that in
Composition I by a factor of 2, and thus the total emissivity due to the e -capture on
protons is eectively reduced. This indicates that the eective neutrino emissivity per
proton via e -captures on the proton is reduced if a substantial amount of protons in a
supernova are bound in deuterons or other light elements. This suggests that, in con-
sidering the neutrino emissivities due to e -captures, it is important to take account of
the abundances of deuterons and other light elements. Meanwhile, as can be seen from
Fig. 4.8 (right panel), the total anti-neutrino emissivity is hardly aected by the deuteron
abundance, mainly due to the dominant abundance of the neutron in the matter.
Fig. 4.9 shows -emissivities due to np fusion (deuteron formation), NN bremsstrahlung
and e+e  annihilation. We note that the np fusion contribution is comparable to the NN
bremsstrahlung contribution around r = 60 km, and the former becomes more important
for r  80 km. In other words, emission of neutrino pairs through deuteron formation
may contribute to additional cooling when NN bremsstrahlung is an important process.
Finally, we have examined the role of partial waves and MEC for emissivities. Table
4.8 shows the contribution of two-nucleon each partial waves for the emissivity QLSJIA+MEC
for (n+ n! d+ e  + e) and (e  + d! n+ n+ e) at r = 20km. Table 4.8 also shows
the enhancement factor due to MEC QLSJIA+MEC=Q
LSJ
IA for each partial wave amplitudes.
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Figure 4.7: The e-emissivities evaluated with Composition II except NN bremsstrahlung.
In the top panel, the emissivities due to e+ captures on a deuteron (2.0.2) and a neutron
(2.0.7), and e+e  annihilation (2.0.11) are shown in solid, dotted and long dashed curves,
respectively. In the bottom panel, the emissivities due to the nn (2.0.3) and np (2.0.5)
fusion processes and NN bremsstrahlung(2.0.10) are plotted in dash-two-dotted, solid and
two-dotted curves, respectively. The emissivity due to (2.0.7) is evaluated by using 'phase
space constraint method'.
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Figure 4.8: Left panel: Mass fraction of proton (solid curve) and deuteron (long dashed
curve) for Composition II and that of proton(short dashed curve) for Composition I.
Right panel:The ratio of the neutrino emissivity due to e -capture(solid curve) and e+-
capture(short dashed curve) calculated for Composition II to that calculated for Compo-
sition I.
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Figure 4.9: The -emissivities evaluated with Composition II except NN bremsstrahlung.
The contributions of np fusion, NN bremsstrahlung and e+e  annihilation are shown in
solid, double-dotted and dashed lines, respectively.
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nn! de e e d! nne
2S+1LJ Q
LSJ
IA+MEC
QLSJIA+MEC
QLSJIA
QLSJIA+MEC
Qtotal
QLSJIA+MEC
QLSJIA+MEC
QLSJIA
QLSJIA+MEC
Qtotal
1S0 0:51038 1034 0:896 0:035 0:17036 1039 1:089 0:519
3P0 0:94236 1033 1:243 0:007 0:24793 1038 1:032 0:076
3P1 0:10080 1035 0:824 0:069 0:25130 1038 0:993 0:077
1D2 0:11116 1036 2:023 0:762 0:18192 1038 1:025 0:055
3P2   3F2 0:13421 1035 1:175 0:092 0:74130 1038 1:022 0:226
3F3 0:50430 1034 1:393 0:035 0:43573 1037 1:016 0:013
1G4 0:12697 1033 1:325 0:001 0:23379 1037 1:000 0:007
3F4   3H4 0:96435 1031 1:123 0:000 0:68025 1037 1:001 0:021
3H5 0:63790 1031 1:183 0:000 0:63264 1036 1:001 0:002
1I6 0:19232 1030 1:155 0:000 0:43073 1036 1:000 0:001
3H6 0:11467 1029 1:066 0:000 0:10691 1037 1:000 0:003
total 0:14590 1036 1:643 1:000 0:32823 1039 1:053 1:000
Table 4.8: Contribution of NN partial wave to the neutrino emissivity QLSJIA+MEC for
nn ! de e and e d ! nne reactions. The emissivities are calculated at r = 20km
in unit of [erg=cm3=sec]. The rst column shows the two nucleon partial wave 2S+1LJ .
The emissivities of each partial wave are given in the 3rd and 6th column. In the 4th
and 7th column, we show the enhancement factor due to MEC QLSJIA+MEC=Q
LSJ
IA for each
partial wave. The partial fraction of each partial wave QLSJIA+MEC=Qtotal, where Qtotal =P
LSJ Q
LSJ
IA+MEC is shown at the 4th and 7th column.
The convergence of the partial wave expansion of each emissivity may be obtained up to
J = 3. For the emissivity of e d! nne, the P-wave contribution is important next to the
S-wave. The contribution of MEC is about 6%, which is similar to what we have observed
in the usual electroweak process of deuteron. On the other hand, for nn ! de e, the
J = 2 contribution is very large and the contribution of MEC increases the emissivity
about 64%. The dierent dependence of the emissivities between the two reactions can be
partly understood by looking at the dependence on the two-nucleon kinetic of emissivity
dQ=dT for nn ! de e and e d ! nne shown in Fig. 4.2.2. Since the emissivity is
proportional to p3 , the higher neutrino energy region contribute more. For the nn ! d
reaction, neutrino energy increases for larger TNN . Therefore, the emissivity has the peak
at the T  110MeV, which is relatively high energy region. On the other hand, for the
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Figure 4.10: Two-nucleon kinetic energy dependence of emissivities for nn ! de e and
e d ! nne at r = 20km. The emissivity is calculated including both the IA and MEC
up to J  3.
e d! nne reactions, initial electron energy is shared between energy of the nal states
TNN and E . Therefore the emissivity decreases as Tnn increases. As a results, the higher
partial waves and MEC currents becomes more important for nn! d than for d! nn.
4.2.3 Inner region of a proto-neutron star
In this high density region the deuteron is strongly modied and is not bound. As men-
tioned earlier, the \deuteron" used in our calculation should be regarded as a simplistic
devise to simulate possible two-nucleon tensor correlation in nuclear matter. It is hoped
that the results in this section give us some hint on whether we need to go beyond the
mean-eld nuclear matter approach and include possible two-nucleon correlations. With
this caveat in mind we present the neutrino emissivities via the \deuteron" formation
processes in the central part of the supernova core. Figs. 4.11 and 4.12 show the results
obtained with the use of Composition I.
The graphs in Figs. 4.11 and 4.12 indicate that neutrino emissions via \deuteron"
formation become dominant for e and . Since the electrons are highly degenerate
in the core (r < 10 km), the pair process is strongly suppressed and nucleon-nucleon
bremsstrahlung is a dominant channel in the conventional models. However, the gures
show that neutrino pair emission from the neutron-proton weak fusion process (2.0.5) is
much larger than those from the conventional processes, in particular for e. The reaction
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Figure 4.11: The e-emissivities (top panel) and e-emissivities (bottom panel) in the inner
core region evaluated with Composition I. See captions for Figs. 4.6 and 4.7 for details.
(2.0.5) is favored by its positive Q-value due to the \deuteron" binding energy, and by
the absence of Pauli-blocking in the nal state. Hence, neutrino emission via \deuteron"
formation from nucleon-nucleon scattering may play an important role in the neutrino pair
production process and for the transport of heat and leptons inside proto-neutron stars.
It is desirable to examine further the abundance of \deuteron" (n-p tensor correlations)
in dense nuclear matter.
4.2.4 Discussion
It was pointed out in [5, 6] that, in addition to deuterons, tritons can also have large
abundances in high density regions (1011{1014 g/cm3), where the electron fraction Ye is
low, This suggests the possible importance of neutrino emissivities involving the triton
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Figure 4.12: The -emissivities in the inner core region calculated with Composition I.
See the caption for Fig. 4.9 for details.
or \triton" (triton-like three-nucleon correlation in dense matter). In the present work,
however, we have not considered these eects.
Our study here is based on the spherical (1D) congurations of supernovae. It would be
interesting to study neutrino emission with the abundance of light elements in 2D/3D pro-
les. Hydrodynamical instabilities can generate a cooling region around a proto-neutron
star and a heating region behind a stalled shock wave in a non-spherical manner. Since
the density, temperature and electron fractions can have wider ranges in 2D/3D proles,
there may be regions of high deuteron abundance that cannot be found in the 1D prole.
The existence of deuterons in the heating regions can contribute to the additional source
of heating as studied by [17]. It thus seems interesting to study the possible eects of the
neutrino emission and absorption channels involving the deuteron in multi-D supernova
explosion simulations. In principle, one must study eects of all neutrino processes by
solving the neutrino transfer and hydrodynamics, with detailed information on composi-
tion from the equation of state of supernova matter. Such a study is in progress [18, 46],
taking into account the neutrino processes involving deuteron breakup/formation and the
light element abundance.
We now summarize. Neutrino emissions from e-capture on the deuteron and from
deuteron formation in nucleon-nucleon weak-fusion processes have been studied as new
neutrino emission mechanisms in supernovae. These weak processes are evaluated with
the standard nuclear physics approach, which consists of the one-nucleon impulse current
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and two-nucleon exchange current and nuclear wave functions derived from high-precision
phenomenological NN potentials. It is found that the contribution of the two-nucleon
meson-exchange current is only a few % for the e-capture reactions, while it can be as
large as the one-nucleon current contribution for the NN fusion reaction at higher energies.
The consequences of these new neutrino-emission channels have been examined for repre-
sentative proles of core-collapse supernovae at 150 ms after core bounce. The emissivity
due to the e capture reaction on the deuteron is found to be smaller than that on the
free nucleon. Therefore, as Fig. 4.8 indicates, the total neutrino emissivity due to electron
capture on protons and deuterons is suppressed when an appreciable amount of protons
in a supernova are bound inside deuterons. This results in a smaller neutrino luminosity
and the lower eciency of neutrino heating behind a stalled shock wave. Therefore, this
new process contributes unfavorably towards a successful supernova explosions. It also
leads to a slower speed of the deleptonization and, hence, a slower evolution of nascent
proto-neutron stars. On the other hand, as seen in Figs. 4.6 and 4.7, neutrino emis-
sion via deuteron formation can be comparable to nucleon-nucleon bremsstrahlung in the
outer region. This implies that there might exist situations in which the weak-interaction
deuteron-formation processes are the main channels for neutrino emission.
In the inner core region, where the electrons are highly degenerate (high densities at
low temperatures), pair-production via e e+ annihilation is suppressed, making nucleon-
nucleon bremsstrahlung a main channel to produce  pairs among the conventional pro-
cesses [36, 47]. Meanwhile, \deuteron" formation processes in NN scattering can have
large rates for  and  emissions, a feature that may have signicant consequences for
the cooling of compact stars. Furthermore, the possible modication of the energy spectra
of e,  and  due to \deuteron" formation may inuence supernova nucleosynthesis
and the terrestrial observation of supernova neutrinos [48, 49]. On the other hand, the
possible increase of the  and  uxes due to \deuteron" formation hardly aects the
heating process behind a shockwave, because these low-energy  and  interact with
stellar matter only through the NC. As explained earlier, the \deuteron" here stands for a
tensor-correlated NN pair that may persist even in dense nuclear matter. A detailed study
of deuteron-like two-nucleon tensor correlation in dense matter seems well warranted, but
it is beyond the scope of our present exploratory work.
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Part II
Neutrino emission via deuteron
processes in nuclear medium
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The understanding of the explosion mechanism requires a knowledge of the nuclear
matter properties and their weak reactions over the wide range of nuclear density and
temperature. For example, at 150ms after the core bounce in [5], we are interested in the
range of nuclear density  from the saturation density of nuclear matter 0 to very low
density  10 50 and the temperature T  20MeV to a few MeV region. In those region,
the light clusters such as deuteron, triton, 3He can be produced. The formation of light
clusters were investigated with the ladder approximation for the thermodynamic T-matrix
based on the generalized Beth-Uhlenbeck approach [29].
In this part, we investigate modication of deuteron properties, nucleon-nucleon scat-
tering and the eects of those modication for neutrino emissivity. At rst, we briey sum-
marize the thermodynamic Green's function approach within the T-matrix approximation.
In this thesis, as a rst step of our investigation, we employed further quasi-particle ap-
proximation, where we neglect the imaginary part of the self-energy, which can be justied
only in the low density region. Within the t-matrix and quasi-particle approximation, we
have studied the neutrino emissivity in nuclear environment.
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Chapter 5
Green's function method
In this chapter, we briey review the method of thermal Green's function. Our description
follows closely in [50, 51, 52, 53, 54]. We start form the the Hamiltonian of a system of
Fermi particles of mass m that are interacting via instantaneous two-body potential V
given as,
H = H0 +HI
=
Z
d3x y(xt)

 r
2
2m

 (xt) +
1
2
Z
d3x
Z
d3x0 y(xt) y(x0t)V (x;x0) (x0t) (xt):
(5.0.1)
Here  y(xt) and  (xt) are quantum eld operators in the Heisenberg picture, where we
suppress the other quantum numbers such as spin or isospin for simplicity. The eld
operators satisfy the equal-time anticommutation relations.
f y(xt);  (x0t)g = (x  x0) (5.0.2)
f (xt);  (x0t)g = 0 (5.0.3)
f y(xt);  y(x0t)g = 0: (5.0.4)
For a system in thermodynamic equilibrium, the expectation value of any operator O
is computed as follow for the grand-canonical ensemble
hOi = Tr

e (H N)O
Tr

e (H N)
 ; (5.0.5)
where  is the chemical potential and  = 1=T is the inverse temperature. The Boltzmann
constant is given to unity, kB = 1 throughout this thesis. N is Fermion number operator
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given as
N =
Z
d3x y(xt) (xt): (5.0.6)
We use a simplied notation for the expectation value expression (5.0.5) by introducing
the nite temperature density matrix operator  and the partition function Z that
 =
1
Z
e (H N) (5.0.7)
Z = Tre (H N); (5.0.8)
and one nd
hOi = Tr[O]: (5.0.9)
5.1 Real time Green's function
The two-time one-particle causal Green's function is dened as
G1(xt;x
0t0) =
1
i
hT[ (xt) y(x0t0)]i; (5.1.1)
where T is the time-ordering operator that
T[ (xt) y(x0t0)] =
8<:  (xt) y(x0t0) for t > t0  y(x0t0) (xt) for t0 > t: (5.1.2)
The two-body Green's function has the form
G2(x1t1;x2t2;x
0
1t
0
1;x
0
2t
0
2) =

1
i
2
hT[ (x1t1) (x2t2) y(x01t01) y(x02t02)]i: (5.1.3)
In general, N-particle Green's functions are dened analogously.
In addition to the causal Green's function, we dene the correlation functions
G>1 (xt;x
0t0) =
1
i
h (xt) y(x0t0)i (5.1.4)
G<1 (xt;x
0t0) =  1
i
h y(x0t0) (xt)i: (5.1.5)
Using those correlation functions, the causal Green's function can be written as
G1(xt;x
0t0) = (t  t0)G>1 (xt;x0t0) + (t0   t)G<1 (xt;x0t0): (5.1.6)
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We also dene the retarded and the advanced propagator
GR1 (xt;x
0t0) =
1
i
(t  t0)hf (xt);  y(x0t0)gi (5.1.7)
GA1 (xt;x
0t0) =  1
i
(t0   t)hf (xt);  y(x0t0)gi: (5.1.8)
In the innite system in the equilibrium, the system is supposed to be invariant under
the translations in space and time. Then these Green's functions depend only on r = x x0
and  = t  t0. The Fourier transformations of correlation functions are dened as
G>1 (p; !) = i
Z
d3r
Z 1
 1
de ipr+i!G>1 (r; ) (5.1.9)
G<1 (p; !) =  i
Z
d3r
Z 1
 1
de ipr+i!G<1 (r; ): (5.1.10)
The i and  i factors is introduced so that both G>1 and G<1 become real and non-negative
quantities. The inverse transformations are dened alternatively
iG>1 (r; ) =
Z
d3p
(2)3
Z 1
 1
eipr i!G>1 (p; !) (5.1.11)
 iG<1 (r; ) =
Z
d3p
(2)3
Z 1
 1
d!
2
eipr i!G<1 (p; !): (5.1.12)
The Fourier transformations of G1, G
R
1 and G
A
1 are dened in a similar way.
Inserting the complete set of eigenstates of Hamiltonian H and number operator N in
Eqs. (5.1.4, 5.1.5) and (5.1.9, 5.1.10), we obtain spectral representation for the correlation
functions as
G>1 (p; !) = 2
X
m;n
e (En Nn)
Z
jhmj ypjnij2(!   (En   Em)) (5.1.13)
G<1 (p; !) = 2
X
m;n
e (En Nn)
Z
jhnj pjmij2(!   (Em   En)): (5.1.14)
(5.1.15)
Here  p =
R
dx (x; 0)eipx. G>1 (p; !) can be understood as the density of state available
for the addition of an extra particle with momentum p and energy !, while G>1 (p; !) is
the density of particles with momentum p and energy !.
Using the above spectral representation of the correlation functions, we can derive the
important Kubo-Martin-Schwinger relation (KMS) :
G>1 (p; !) = G
<
1 (p; !)e
(! ): (5.1.16)
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From the KMS relation, the following spectral representations of the correlation functions
are obtained
G>1 (p; !) = A(p; !)[1  f(!)] (5.1.17)
G<1 (p; !) = A(p; !)f(!); (5.1.18)
where f(!) is the Fermi distribution function:
f(!) =
1
e(! ) + 1
: (5.1.19)
The spectral function A(p; !) is dened as
A(p; !) = G>1 (p; !) +G
<
1 (p; !)
= 2
X
m;n
e (Em Nm) + e (En Nn)
Z
jhnj pjmij2(!   (Em   En)):
(5.1.20)
An important property of the spectral function is that the following sum rule must be
fullled: Z 1
 1
d!
2
A(p; !) = 1: (5.1.21)
The spectral function A(p; !) can be interpreted as a probability that a particle with
momentum p has energy ! in the medium. In the zero temperature limit, G<1 and G
>
1 are
the spectral function of the particle and the hole, respectively.
The Fourier transformation of the the causal and retarded/advanced Green's functions
is obtained by using the following representation of theta function,
(t  t0) = i
2
Z 1
 1
dx
e ix(t t0)
x+ i
: (5.1.22)
The Lehmann representation of G
R=A
1 are
GR1 (p; !) =
1
2
Z 1
 1
d!0
A(p; !0)
!   !0 + i (5.1.23)
GA1 (p; !) =
1
2
Z 1
 1
d!0
A(p; !0)
!   !0   i : (5.1.24)
If GR=A are analytically continued for complex !, G
R=A
1 (p; !) is analytic in the up-
per(lower) half plane of complex !. The Lehmann representation of the causal Green's
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function is also derived as
G1(p; !) =
1
2
Z 1
 1
d!0
A(p; !0)
1 + e !0
"
1
!   !0 + i +
e !0
!   !0   i
#
(5.1.25)
=
1
2
P
Z 1
 1
d!0
A(p; !0)
!   !0  
i
2
tanh

!
2

A(p; !); (5.1.26)
which it can be written as
G1(p; !) =
GR1 (p; !)
1 + e !
+
GA1 (p; !)
1 + e!
: (5.1.27)
Other useful relations are shown below:
Re G1(p; !) = Re G
R
1 (p; !) = Re G
A
1 (p; !) (5.1.28)
A(p; !) =  2Im GR1 (p; !) (5.1.29)
= 2Im GA1 (p; !) (5.1.30)
= i[GR1 (p; !) GA1 (p; !)] (5.1.31)
= G>1 (p; !) +G
<
1 (p; !): (5.1.32)
As a consequence, the Green's functions, G1; G
R=A
1 ; G
>=<
1 is determined through the spec-
tral function A(p; !).
5.2 Thermal Green's function
In this section, we dene the \thermal" or \Matsubara" Green's functions ~G. The real
time Green's functions introduced in the previous section describes the time evolution of
the system using Heisenberg operator. From the similarity between the time evolution
operator e iHt and the statistical weight e H , the thermal Green's function ~G can be
obtained by extending the G for real time variables to the complex number.
In order to ensure the convergence of the correlation functions, one restrict the imagi-
nary time region such that
  < Im = Im(t  t0) < ; (5.2.1)
or it can be rewritten for the two imaginary times t and t0 as
  < Imt < 0: (5.2.2)
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The Green's function ~G1 dened in the above region of complex time, can be expressed
by using the correlation functions with the following denition of time ordering.
~G1(xt;x
0t0) =
8>>>>>>>>><>>>>>>>>>:
~G>1 (xt;x
0t0) for
  < Im < 0
Re > 0; Im = 0
~G<1 (xt;x
0t0) for
0 < Im < 
Re < 0; Im = 0
: (5.2.3)
One can derive the KMS relation for the thermal correlation functions G<1 at t = 0 and
G>1 at the boundary t =  i as
~G<1 (x; t = 0;x
0t0) =  e ~G>1 (x; t =  i;x0t0); (5.2.4)
which gives the KMS relation for the thermal Green's function:
~G1(x; 0;x
0; t0) =  e ~G1(x; i;x0; t0): (5.2.5)
Eq. (5.2.5) can be rewritten using the Fourier transformation of r and relative time
variable  ,
~G1(p; ) =  e ~G1(p;    i): (5.2.6)
With the periodic condition for the imaginary time in Eq. (5.2.6), we can make Fourier
expansion of thermal Green's function as
~G1(p; ) =
1
 i
X
=odd
e iz ~G1(p; z) (5.2.7)
z =

 i + ; (5.2.8)
where z is the so-called Matsubara frequency and  is odd integer. Those Fourier coe-
cients are obtained as
~G1(p; z) =
Z  i
0
deiz ~G1(p; ): (5.2.9)
Using the spectral representation of correlation functions, the Lehmann representation of
the thermal Green's function is obtained:
~G1(p; z) =
Z 1
 1
d!
2
A(p; !)
z   ! : (5.2.10)
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The spectral function A(p; !) determines both the real-time Green's functions and the
thermal Green's functions. We now analytically continue the thermal Green's function
~G1(p; z) at a given set of Matsubara frequencies, to entire complex plane z. We obtain
~G1(p; z) =
Z 1
 1
d!
2
A(p; !)
z   ! ; (5.2.11)
and
~G1(p; z) =
8<: GR1 (p; z) for Imz > 0GA1 (p; z) for Imz < 0: (5.2.12)
5.3 Equation of motion and self-energy
In the next step, we derive set of equations to determine Green's function. The equation of
motion for one-particle Green's function involves the two-body potential and the two-body
Green's function such as [50]
i
@
@t
+
r2
2m

G1(1; 1
0) = (1  10)  i
Z
d1V (1  1)G2(11; 101+); (5.3.1)
where we denote (x1; t1) as simply 1, d1 = dt1dx1 and 1
+ = (x1; t1 + ), where t
+
1
is innitesimally larger than t1. We also assume instantaneous two-Fermion interaction
V (1  2) = V (jx1 x2j)(t1  t2). The above equation is derived by using the Heisenberg
equation of motion:
i
@O(t)
@t
= [O(t);H(t)]: (5.3.2)
To solve the equation of motion Eq. (5.3.1), one needs to know G2. The equation of
motion for G2 involves G3. Then we obtain a set of innite coupled equations, which is
hard to solve in general. Formally, the equation for one-body Green's function can be
rewritten in a closed form by introducing self-energy (1; 10) asZ
d1(1; 1)G1(1; 1
0) =  i
Z
d1V (1  1)G2(11; 101+): (5.3.3)
Eq. (5.3.1) is rewritten by using self energy as
i
@
@t
+
r2
2m

G1(1; 1
0) = (1  10) 
Z
d1(1; 1)G1(1; 1
0): (5.3.4)
The above equation can be written in the integral equation with appropriate boundary
condition as
G1(1; 1
0) = G01(1; 1
0) +
Z
d2
Z
d2G01(1; 2)(2; 2)G1(2; 1
0): (5.3.5)
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For convenience, let us decompose the self-energy of the Hartree-Fock part HF and
the part c due to the correlation of particles in the medium,
(1; 10) = HF (1; 10) + c(1; 10): (5.3.6)
HF is obtained by using the uncorrelated one-body Green's functions as
G2(12; 1
020)  G1(1; 10)G1(2; 20) G1(1; 20)G1(2; 10): (5.3.7)
Similar to the Green's function we dene
c(1; 1
0) =
8<: >(1; 10) for it1 > it01<(1; 10) for it1 < it01 (5.3.8)
 (1; 10) = <(1; 10) + >(1; 10): (5.3.9)
An important property of the c is the periodic condition for the imaginary time like
Green's functions,
c(1; 1
0)jt1=0 =  ec(1; 10)jt1= i: (5.3.10)
Using a similar procedure to derive the spectral representations of the Green's functions,
one can obtain the spectral representation of c as
c(p; z) =
Z 1
 1
d!
2
 (p; !)
z   ! : (5.3.11)
The function   is obtained from c using the above spectral representation,
 (p; !) = i[c(p; ! + i)  c(p; !   i)] (5.3.12)
= 2Im(p; !  i): (5.3.13)
The real-part of the self-energy is given by using the dispersion relation of the self-energy,
Re(p; !) = HF + P
Z 1
 1
d!0
2
 (p; !0)
!   !0 : (5.3.14)
An example, for the simplest case is the non-interacting system, one obtains the free
thermal Green's function
~G01(p; z) =
1
z   p2=2m: (5.3.15)
From the analytic continuation, one simply get
~G01(p; z) =
1
z   p2=2m: (5.3.16)
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Then the spectral function for the non-interacting particle can be obtained as
A(p; !) = i[ ~G01(p; ! + i)  ~G01(p; !   i)] (5.3.17)
= 2

!   p
2
2m

: (5.3.18)
For the interacting case, taking the Fourier transformation of Eq. (5.3.5), we obtain,
[z   E0(p)  (p; z)] ~G1(p; z) = 1; (5.3.19)
where E0(p) = p
2=2m is the kinetic energy of a quasi-particle. After the analytic continu-
ation to complex plane, the thermal Green's function is expressed in terms of self-energy
as
~G1(p; z) =
1
[z   E0(p)  (p; z)] : (5.3.20)
Since the spectral function A is given in terms of the discontinuity of G1 across the
real axis, it can be expressed in terms of the real and imaginary part of the self-energy:
A(p; !) =
 (p; !)
[!   E0(p)  Re(p; !)]2 +

 (p; !)
2
2 : (5.3.21)
In the Hartree-Fock approximation, we nd   = 0 and the spectral function is given as
A(p; !) = 2 (!   E0(p)  HF ) ; (5.3.22)
which describes the particles as moving independently through an average potential HF .
Generally   is a nite value and A(p; !) has not the simple delta-shape but a Lorentz
form with a nite width  . Thus for an relatively small width, we can think of   as a
lifetime of the single-particle excited state(quasi-particle) with momentum p.
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Chapter 6
T-matrix approximation of
two-particle Green's function
6.1 Ladder approximation
The equation of motion for the Green's function is not yet in a closed form, since we
need to know the Green's function G2 to evaluate self-energy. A perturbative treatment
of the two-particle Green's function is not sucient to investigate the bound state. Here
we adopt the ladder approximation to sum up all order of the two-particle interaction as
illustrated in Fig. 6.1.
This innite series of interaction can be expressed by the integral equation for the
= + +
− −−
+ · · ·
− · · ·
G˜2
Figure 6.1: The diagrammatic representation for ladder approximation of ~G2. The dashed
line denotes the two-body interaction.
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= − +
G˜2 G˜2
Figure 6.2: The diagrammatic representation for integral equation of ~G2.
Green's function in Fig. 6.2 as
~G2(12; 1
020) = ~G1(1; 10) ~G1(2; 20)  ~G1(1; 20) ~G1(2; 10)
+i
Z  i
0
d1
Z  i
0
d2 ~G1(1; 1) ~G1(2; 2)V (1  2) ~G2(12; 1020): (6.1.1)
It is noticed that the range of the imaginary-time ti integration is from 0 to  i.
It is convenient to introduce T-matrix to obtain the two-particle Green's function in a
ladder approximation. The T-matrix satises the following integral equation,
T (12; 1020)
= (1  10)(2  20)V (1  2)
+i
Z  i
0
d1
Z  i
0
d2V (1  2) ~G1(1; 1) ~G1(2; 2)T (12; 1020) (6.1.2)
= (1  10)(2  20)V (1  2)
+iV (1  2) ~G1(1; 10) ~G1(2; 20)V (10   20)
+i2
Z  i
0
d1
Z  i
0
d2V (1  2) ~G1(1; 1) ~G1(2; 2)V (1  2) ~G1(1; 10) ~G1(2; 20)V (10   20)
+    ; (6.1.3)
which are shown in Fig. 6.3. With the use of the T-matrix, the two-body Green's function
~G2 is given as
V (1  2) ~G2(12; 1020) =
Z  i
0
d1
Z  i
0
d2T (12; 12)
h
~G1(1; 1
0) ~G1(2; 20)  ~G1(1; 20) ~G1(2; 10)
i
:
(6.1.4)
Furthermore, from Eq. (5.3.3), the self-energy  is expressed using T-matrix instead of
the two-particle Green's function as
(1; 10) =  i
Z  i
0
d2
Z  i
0
d2

T (12; 102)  T (12; 210) ~G1(2; 2+): (6.1.5)
Now we examine the analytic property of the T-matrix. Here we use instantaneous
two-particle interaction. The T-matrix depends only on the time dierence  = t1   t10
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= +T
= + + + · · ·
T
Figure 6.3: The diagrammatic representation of ladder T-matrix.
such as
T (12; 1020) = (t1   t2)(t10   t20)hx1x2jT (t1   t10)jx01x02i: (6.1.6)
For imaginary time, we dene T>; T<; T 0 according to Im().
hx1x2jT ()jx01x02i =
8>>><>>>:
hx1x2jT>()jx01x02i; Im < 0
hx1x2jT 0()jx01x02i; Im = 0
hx1x2jT<()jx01x02i; Im > 0;
(6.1.7)
or equivalently we can write the T-matrix as
hx1x2jT ()jx01x02i = ( Im)hx1x2jT>()jx01x02i
+ ()hx1x2jT 0()jx01x02i
+ (Im)hx1x2jT<()jx01x02i: (6.1.8)
As one can see from Eq. (6.1.2), T 0 is just two-particle interaction V . The T-matrix
satises the KMS boundary conditions similar to ~G1 ~G1,
hx1x2jT ()jx01x02i = e(1+2)hx1x2jT (   i)jx01x02i; (6.1.9)
where 1; 2 are chemical potentials of particle 1 and 2. In the rest of this section, we use
simplied notation T () without explicit position dependence hx1x2jT ()jx01x02i. Using
the Fourier transformations of the T>=< along to the real time axis dened as
T>=<(!) = i
Z 1
 1
dei!T>=<(); (6.1.10)
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the KMS relation can be written as
T>(!) = e(! 1 2)T<(!): (6.1.11)
Similar to the spectral representations of Green's function, we obtain
T>(!) = [1 + g(!)] T (!) (6.1.12)
T<(!) = g(!)T (!); (6.1.13)
where
g(!) =
1
e(! 1 2)   1 ; (6.1.14)
and
T (!) = T>(!)  T<(!): (6.1.15)
From Eq. (6.1.11) and (6.1.15), one see that the function T>(!) can be written by T<(!)
using the the Bose distribution function g(!). The appearance of the Bose distribution
function is due to the periodic KMS condition for the T-matrix.
From the KMS condition for the T-matrix, the Fourier series expansion for T-matrix
is given as
T () =
1
 i
X
=even
e iz110T (z110); (6.1.16)
where z110 =

 i + 1 + 2 and  is even integer. The Fourier coecients in Eq. (6.1.16)
is obtained by the integration along the imaginary time axis +i <  <  i,
T (z110) =
1
2
Z  i
i
deiz110T () (6.1.17)
=
Z  i
0
deiz110T (); (6.1.18)
where the KMS relation is used in the second line. Using Eq. (6.1.8),
T (z110) =
Z  i
0
deiz110

(Im)T<() + ()V + ( Im)T>()
=
Z  i
0
deiz110

()V + ( Im)T>()
= V +
Z  i
0
deiz110T>(): (6.1.19)
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Because of the integration region 0 <  <  i, T<() does not contribute to the above
integration. Now we express T>() using the Fourier transformation for the real time axis,
one obtain,
T (z110) = V +
Z  i
0
d
Z 1
 1
d!0
2i
ei(z110 !
0)T>(!0)
= V +
Z  i
0
d
Z 1
 1
d!0
2i
ei(z110 !
0) 1 + g(!0) T (!0); (6.1.20)
which leads to the following formula.
T (z110) = V +
Z 1
 1
d!0
2
T (!0)
z110   !0 : (6.1.21)
We now analytic continue the above function for complex z plane, one obtain
T (z) = V +
Z 1
 1
d!0
2
T (!0)
z   !0 : (6.1.22)
From this equation, we can derive
T (!) =  2ImT (! + i); (6.1.23)
and the dispersion relation
ReT (! + i) = V   P
Z 1
 1
d!0

ImT (!0 + i)
!   !0 : (6.1.24)
6.2 Lippmann-Schwinger equation
We rewrite the Lippmann-Schwinger equation (Eq. (6.1.2)) into a momentum space inte-
gral equation. For instantaneous interaction V , the Lippmann-Schwinger equation can be
written as
hx1x2jT (t1   t10)jx01x02i
= (t1   t10)(x1   x01)(x2   x02)V (x1;x2)
+i
Z  i
0
dt1
Z
dx1dx2V (x1;x2)hx1x2jG02(t1   t1)jx01x02ihx1x2jT (t1   t10)jx01x02i;
(6.2.1)
where we have introduced two-particle Green's function
hx1x2jG02(t1   t01)jx01x02i  i ~G1(x1t1;x01t01) ~G1(x2t1;x02t01): (6.2.2)
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By using the similar procedure to derive the spectral representation of T-matrix, we
will derive the spectral representation of G02 . In the rest of this section we use simple
notation G02() for hx1x2jG02()jx01x02i. The correlation functions for G02 for an imaginary
time ordering can be dened
G02() =
8<: G0>2 () = i ~G>1 () ~G>1 () for Im < 0G0<2 () = i ~G<1 () ~G<1 () for Im > 0 : (6.2.3)
The KMS relation of G02 can be obtained from that of one-particle Green's function as
G02(t1 = 0; t10) = e(1+2)G02(t1 =  i; t10): (6.2.4)
From this relation, the spectral decomposition of G02 can be obtained following as,
G02(z) =
Z
d

2
G0>2 (
)  G0<2 (
)
z   
 : (6.2.5)
The Fourier transformations for correlation function G0>=<2 (
) is given as
G0>=<2 (
) = i
Z 1
 1
dei
G0>=<2 () (6.2.6)
=
Z
d!0
2
~G
>=<
1 (
  !0) ~G>=<1 (
  !0): (6.2.7)
Then the spectral representation for G02 reads
G02(z) =
Z 1
 1
d!
2
Z 1
 1
d!0
2
~G>1 (!)
~G>1 (!
0)  ~G<1 (!) ~G<1 (!0)
z   !   !0
=
Z 1
 1
d!
2
Z 1
 1
d!0
2
1  f(!)  f(!0)
z   !   !0 A(!)A(!
0): (6.2.8)
It is noticed that the exact from of G02 includes the eect of Pauli blocking
1  f(!)  f(!0) = [1  f(!)][1  f(!0)]  f(!)f(!0); (6.2.9)
where the rst term represents the standard Pauli blocking of particle and the second term
is that of hole.
Using this explicit form of G02(z), one can derive the Lippmann-Schwinger equation as
hx1x2jT (z110)jx01x02i
= (x1   x01)(x2   x02)V (x1;x2)
+
Z
dx1dx2V (x1;x2)hx1x2jG02(z110)jx1x2ihx1x2jT (z110)jx01x02i:
(6.2.10)
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We then use momentum space expression as
T (p;p0;P ; z110) = V (p;p0) +
Z
d3qV (p; q)G02(q;P ; z110)T (q;p0;P ; z110); (6.2.11)
where the relative and the center-of-mass momenta are dened as follows
p =
p1   p2
2 ; p
0 = p
0
1   p02
2 (6.2.12)
P = p1 + p2 = p
0
1 + p
0
2: (6.2.13)
Here we assume that the masses of the proton and the neutron mass are the same. After
analytic continuation above the real energy axis, we obtain,
T (p;p0;P ; ! + i) = V (p;p0) +
Z
d3qV (p; q)G02(q;P ; ! + i)T (q;p0;P ; ! + i):
(6.2.14)
Usual decomposition on the dependence of relative and center of mass variables of
the two particles and the angular momentum decomposition does not work. Therefore,
the above equation should be solved in three dimensional integral equation, which is
numerically a heavy task. Here we introduce average of the angle between relative and
center of mass momentum so that the partial wave decomposition as usual two-particle
scattering system can be done. We introduce the angle averaged two-particle Green's
function as
G02(p;P ; ! + i)  G02(p; P; ! + i) (6.2.15)
=
Z 1
 1
d!
2
Z 1
 1
d!0
2
1  f1(!)  f2(!0)

  !   !0 + i hA1(p; P; !)A2(p; P; !
0)i;
(6.2.16)
where the angle averaged spectral functions is given as
hA1(p; P; !)A2(p; P; !0)i  1
2
Z 1
 1
d(cos pP )A1(P =2 + p; !)A2(P =2  p; !0): (6.2.17)
With this simplication, the Lippmann-Schwinger equation can be written as a one-
dimensional integral equation for total(J), spin(S) and orbital(L) angular momentum
state
T J(p; p0; P; ! + i;L0S0; LS)
= V J(p; p0;L0S0; LS)
+
X
L S
Z 1
0
dqq2V J(p; q;LS; L S) G02(q; P; ! + )T J(q; p0; P; ! + i; L S;LS):
(6.2.18)
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6.3 Self-energy in ladder approximation of two-particle Green's
function
We will derive formula of the the self-energy in terms of T-matrix for the practical evalu-
ation. From KMS relation, the Fourier expansion of Eq. (6.1.5) gives
(p1; z)
=
 i
 i
X
0
Z
d3p2 [T (p;p;P ; z + z0)  T (p; p;P ; z + z0)] ~G1(p2; z0)
  i i
X
0
Z
d3p2Tex(p;p;P ; z + z0) ~G1(p2; z0): (6.3.1)
The self-energy can be decomposed into the Hartree-Fock term HF and the collision term
c,
(p1; z) = HF (p1) + c(p1; z): (6.3.2)
The Hartree-Fock term is due to the rst potential term of Eq. (6.1.22) and is independent
on z given as
HF (p1) =
 i
 i
Z
d3p2Vex(p;p)
X
0
~G1(p2; z0)

Z
d3p2Vex(p;p)n(p2); (6.3.3)
where n(p2) =
R1
 1
d!
2A(p2; !)f(!) and Vex(p;p) includes exchange term given by ex-
changing momentum and spin of the two particles.
The second term of Eq. (6.1.22) gives c given as
c(p1; z) =    i i
X
2
Z
d3p2
Z 1
 1
d


ImTex(
 + i)
z   z0   

Z 1
 1
d!
2
A(p2; !)
z0   !
=   1

Z
d3p2
Z 1
 1
d


Z 1
 1
d!
2
A(p2; !)ImTex(
 + i)F (z ;
; !);
(6.3.4)
where the momentum variables for the T-matrix are not written for simplicity. Here
F (z ;
; !) is given by the sum of Matsubara frequency as(see Appendix B)
F (z ;
; !) =
X
0
1
z0 + z   

1
z0   ! (6.3.5)
= 
f(!) + g(
)
z + !   
 : (6.3.6)
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Here the Bose distribution function g(
) is dened in Eq. (6.1.14). The sum of two terms
is given as
(p1; z) =
Z
d3p2Vex(p;p)n(p2)
 
Z
d3p2
Z 1
 1
d


Z 1
 1
d!
2
A(p2; !)ImTex(
 + i)
f(!) + g(
)
z + !   
 :
(6.3.7)
We analytic continue z to the real axis ! + i and then the imaginary part of the self-
energy is given as
Im(p1; ! + i) =
Z
d3p2
Z 1
 1
d!0
2
A(p2; !
0)ImTex(! + !0 + i)

f(!0) + g(! + !0)

:
(6.3.8)
Finally, the real-part of the self-energy can be obtained by using the dispersion relation,
Eq. (5.3.14) as
Re(p1; !) = HF (p1)  P
Z 1
 1
d

Im(p1; + i)
!    : (6.3.9)
Alternatively, one can write down by the spectral function A and T-matrix. Substi-
tuting Eq. (6.3.8) into Eq. (6.3.9) and writing an explicit form of Hf , Eq. (6.3.3), the
real-part of the self-energy follows
Re(p1; !)
=
Z
d3p2

Vex(p;p)
Z 1
 1
d!0
2
A(p2; !
0)f(!0)
 
Z 1
 1
d!0
2
A(p2; !
0)

f(!0)P
Z 1
 1
d0

ImTex(
0 + i)
! + !0   0 + P
Z 1
 1
d0

g(0)ImTex(0 + i)
! + !0   0

;
(6.3.10)
where a variable transformation 0 =  + ! has introduced. The second term, involving
the Fermi distribution function times principal integration of T-matrix, can decompose
using the dispersion relation of T-matrix (6.1.24) such as
 P
Z 1
 1
d

ImTex(+ i)
!    = ReTex(!)  V; (6.3.11)
then the potential dependent HF term is canceled and the following expression can be
obtained
Re(p1; !)
=
Z
d3p2
 Z 1
 1
d!0
2
A(p2; !
0)

f(!0)ReTex(! + !0)  P
Z 1
 1
d0

g(0)ImTex(0 + i)
! + !0   0

:
(6.3.12)
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6.4 Self-consistent iterative scheme
Now all necessary formula for the analysis of the two-nucleon system in nuclear medium are
ready. We describe the procedure to use those formulae. Here we explain 'self-consistent
iterative scheme' to obtain the spectral function and self-energy.
1. Initial spectral function
At rst, we start from a free particle spectral function:
Ai(p; !) = 2 (!   E0(p)) ; (6.4.1)
where E0(p) = p
2=2m is the free particle kinetic energy.
2. Chemical potentials
The chemical potential can be obtained from
ni =
Xi
m
= (2s+ 1)
Z
d3p
(2)3
Z 1
 1
d!
2
Ai(p; !)fi(!); (6.4.2)
where s is the spin of the particle. Here the baryon mass density , the temperature
T and the mass fraction Xi of particle i are input for our analysis depending on the
region of our interest of supernova explosion.
3. G02
The un-correlated two-body Green's function G02 can be computed using given spec-
tral function and chemical potential
G02(p;P ;
+ i) =
Z 1
 1
d!
2
Z 1
 1
d!0
2
1  f1(!)  f2(!0)

  !   !0 + i A1(p1; !)A2(p2; !
0);
(6.4.3)
where momenta are related by Eq. (6.2.12) and (6.2.13).
4. T-matrix
The T-matrix can be obtained by solving the Lippmann-Schwinger equation involv-
ing angle-averaged non-correlated two-body Green's function dened by Eq. (6.2.16):
T (p;p0;P ; ! + i) = V (p;p0) +
Z
d3qV (p; q) G02(q; P; ! + i)T (q;p0;P ; ! + i):
(6.4.4)
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5. Self-energy
The real- and imaginary- parts of the self-energy can be computed by the T-matrix
obtained at the previous step,
Im(p1; ! + i) =
Z
d3p2
Z 1
 1
d!0
2
A(p2; !
0)ImTex(! + !0 + i)

f(!0) + g(! + !0)

;
(6.4.5)
Re(p1; !)
=
Z
d3p2
 Z 1
 1
d!0
2
A(p2; !
0)

f(!0)ReTex(! + !0)  P
Z 1
 1
d0

g(0)ImTex(0 + i)
! + !0   0

:
(6.4.6)
6. Spectral function
The resultant spectral function involving self-energy can be obtained as
A(p1; !) =
 2Im(p1; ! + i)h
!   p212m   Re(p1; !)
i2
+ [Im(p1; ! + i)]
2
: (6.4.7)
7. Iterations
Note the obtained spectral function is the new input to be used in the step 2. The
step 2 to 6 will be repeated until we get convergent results.
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Chapter 7
Quasi-particle approximation and
neutrino emissivity
The purpose of this chapter is to examine the role of nuclear medium for the neutrino
reactions of a few nucleon system to nd the limitation or valid density region of the
application the reaction rates studied in part I. The medium eects summarized in terms
of self-energy  are modication of the energy spectra from the real part of the self-energy
and the nite life time or width   from the imaginary part of the self-energy appearing in
the spectral function (6.4.7).
As the rst approximation, we employ the small width (  << jRe()j) approximation
called 'quasi-particle approximation' where quasi-particle has long life time. Here we will
make further approximation ! = p2=(2mN ) to evaluate the self-energy, where only the
rst step of the the iterative procedure is taken. Within this approximation, we examine
the deuteron states by searching the pole of the T-matrix in the medium. Here we take
into account Pauli exclusion and shift of the single particle energy due to the interaction
of the nucleon with the other nucleon in the medium. We also examined modication of
the emissivity of the electron capture.
The small width approximation can be relaxed while keeping ! = p2=(2mN ) approx-
imation. We estimate the eect of the imaginary part of the self-energy and study the
pole of the T-matrix on the physical plane energy plane. Here by taking into account for
the nite life time of the single particle excitation, we examine the life time of deuteron
in medium compared with its binding energy.
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7.1 Quasi-particle approximation
In the quasi-particle approximation, we use a limit of small imaginary part of the self-
energy. This approximation might be valid only in the low density region. We approximate
the spectral function as
A(p; !) = 2 (!   E(p)) ; (7.1.1)
where the one-particle energy is evaluated from the self-energy:
E(p) =
p2
2m
+Re (p; E(p)) : (7.1.2)
Within this approximation, the self-energy is obtained from
Im(p1; ! + i)j!=E(p1) =Z
d3p2ImTex(! + E(p2) + i)

f(E(p2)) + g(! +E(p2))
 j!=E(p1):
(7.1.3)
Re(p1; !)j!=E(p1)
=
Z
d3p2

f(E(p2))ReTex(! + E(p2))  P
Z 1
 1
d0

g(0)ImTex(0 + i)
! + E(p2)  0

j!=E(p1):
(7.1.4)
We start from the spectrum of a free particle E(p) = p2=(2m) and go through the step
1 to 6 within the quasi-particle approximation. The obtained single particle energy E(p) is
used for the steps 1 to 4 of the second iteration procedure. We investigate the properties of
the deuteron, scattering state and neutrino emissivity by using the Lippmann-Schwinger
equation of the second iteration procedure. In this approximation, the two-particle bound
state appear as a pole of the T-matrix at the energy below the scattering state.
In each step of the above procedure, we need to transform variables into relative and
center of mass variables as one faces always in the many body problem. In our two-
particle system, we use the following average of the angle between relative and center of
mass momentum. The two particle Green's function G02 is given as
G02(p; P; ! + i) =
hQ(p; P )i
!   hE(p; P )i+ i ; (7.1.5)
where we perform angle average for each Pauli blocking and two-body quasi-particle energy
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independently:
hQ(p; P )i =
Z
d

4
[1  f1(p;P )  f2(p;P )] (7.1.6)
hE(p; P )i =
Z
d

4
[E1(p;P ) + E2(p;P )] (7.1.7)
=
p2
2
+
P 2
2M
+ hU12(p; P )i; (7.1.8)
where we dened
hU12(p; P )i =
Z
d

4
[Re1(p;P ) + Re2(p;P )]: (7.1.9)

 represents the angle between the relative and center-of-mass momenta:
d
 = 2d cos pP ; cos pP = p^  P^ : (7.1.10)
7.2 Eective Schrodinger equation
To evaluate neutrino emissivity, it is useful to introduce wave function ' for bound state
and scattering state in-medium eective Schrodinger equation.
(E(p; P )  E)'(p;P ) =  Q(p;P )
Z
V(p;p
0)'(p0;P )dp0: (7.2.1)
The T-matrix and the scattering wave function '(p;P ) is related as
'(p;P ) = (p  p0) + G2(P ;p; E(p0; P ))T (p;p0; E(p0; P )) (7.2.2)
while T-matrix is related to the bound state pole using the wave function 'B(p;P ) as
T (p;p0; E) =
'B(p;P )
y'B(p0;P )
E   EB(P ) : (7.2.3)
From now we consider 3S1 and
1S0 partial waves which are the most important nucleon-
nucleon partial wave states in low-energy. The deuteron is in the 3S1 channel. We use a
separable potential for V that reproduces well the low energy nucleon-nucleon scattering
phase shift and the binding energy of the deuteron [55]. The potential is given as
V(p; p
0) =  4
2
g(p)g(p
0); (7.2.4)
g(p) =
1
p2 + b2
(7.2.5)
 =
b(b+ a)2

; (7.2.6)
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where  is the reduced mass of the two nucleons. With this simple potential, the T-matrix
is given in a compact form as
T(p; p
0; P; E) = g(p)


1  J(P;E)

g(p
0); (7.2.7)
J(P;E) =
Z 1
0
dq
q2g2(q)hQ(q; P )i
E   E(q; P ) + i : (7.2.8)
The bound state can be found by searching for a pole of the T-matrix. The bound
state condition is given as
1  J(P;Ed) = 0: (7.2.9)
Here the deuteron energy is Ed(P ) and the binding energy is  B(P ) > 0 which are
evaluated from the continuum edge (E(0; P )) as
Ed(P ) =
P 2
2M
+(P ) (7.2.10)
 B(P ) = (P )  hUpn(0; P )i: (7.2.11)
The deuteron eective wave function can be written in the following form
't;d(p; P ) = Nt;d(P )
gt(p)hQpn(p; P )i
(P )  p
2
2
  hUpn(p; P )i
(7.2.12)
 Nt;d(P )Ft;d(p; P ); (7.2.13)
where Nt;d is the normalization constant
Nt;d(P ) =
Z 1
0
dpp2 [Ft;d(p; P )]
2
 1=2
(7.2.14)
The scattering wave function of the 1S0 channel can be written with the Green's
function and T-matrix as
'pos (p; P ) =
r

2

(p  po)
p2
+ G02(p; P )Ts;sc(p; po; P; E(po; P ))

; (7.2.15)
where po denotes the on-energy shell relative momentum. Using the explicit form of the
separable T-matrix (7.2.7), one nds
'pos (p; P ) =
r

2

(p  po)
p2
+ Fs;sc(p; po; P )D(po; P )gs(po)

(7.2.16)
Fs;sc(p; po; P )  gs(p)hQNN (p; P )i
p2o
2
+ hUNN (po; P )i   p
2
2
  hUNN (p; P )i+ i
(7.2.17)
D 1(po; P )  1
s
 
Z 1
0
dpp2Fs;sc(p; po; P )gs(p): (7.2.18)
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The phase shift  for the two-nucleon scattering state is dened as
tan  =
ImT (po; po; P; E(po; P ))
ReT (po; po; P; E(po; P ))
: (7.2.19)
7.3 Neutrino emissivity
Now we estimate these in-medium eect on the neutrino emissivity for the deuteron reac-
tions. We focus on charged current electron capture on the deuteron which is one of the
major reactions for the neutrino cooling as we have discussed in Part I.
d+ e  ! n+ n+ e: (7.3.1)
Here we use a simple setup of impulse nuclear current, s-wave scattering state and s-
wave deuteron wave function to examine the eects of nuclear medium. For this case the
deuteron break-up process is given by the Gamow-Teller transition of 3S1 deuteron to the
1S0 scattering state. The emissivity is proportional to the transition amplitudeR
d
nn
4
P
spin0s jhnn(1S0); e(p)jHCCW jd(3S1); e (pe)ij2
=
h
GFVudp
2
i2
2(4)2
g2A


3  peEe  p^

I2; (7.3.2)
where I is the overlap integral of the initial and nal two-nucleon states given as
I =
Z 1
0
drr2's;sc(r)j0(qr=2)'t;d(r): (7.3.3)
Here q = jqj = jpe p j is the momentum transfer to the nucleon system from the lepton.
The integral I can be written with the momentum-space wave functions as
I(po; q; P ) =
r

2

h't;d(po   q=2; P )i
+D(po; P )gs(po)
Z
dpp2Fs;sc(po; p; P )h't;d(p  q=2; P )i

; (7.3.4)
where
h't;d(p  q=2; P )i = 1
2
Z 1
 1
d(cos pq)'t;d(p  q=2; P ): (7.3.5)
It is noticed that the same overlap integral can be used to evaluate the neutrino absorption
reaction  + d ! N +N + l in the neutrino heating region. Therefore the results of our
analysis also gives suggestion to the modication of neutrino heating rate due to the
medium eects.
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a[fm 1] b[fm 1]
3S1 0.231713 1.40552
1S0 -0.039925 1.17712
Table 7.1: Parameters of nucleon-nucleon interaction in the separable approximation [56].
With the same procedure of calculating neutrino emissivity, presented in Part I, we
obtain the neutrino emissivity Qd;nn with medium modication as
Qd;nn =
G2FV
2
udg
2
A
26
Z
dPfd(P )
Z
dpefe(pe)
Z
dp
Z 1
 1
dxeP
2p2ep
2p3


3  pe
Ee
xe

h(1  fn(P =2  p))(1  fn(P =2 + p))iI2(p; q; P );
(7.3.6)
with the energy conservation
(P ) + Ee(pe) =
p2
2
+ hUnn(p; P )i+ p : (7.3.7)
In the following, we do not use the iso-spin formalism, since proton and neutron den-
sities are very dierent in the environment of supernova explosion. The parameters of
the separable potential are given in Table 7.1 for the triplet 3S1 and the singlet
1S0 two
nucleon states.
7.3.1 Nucleon self-energy
The real part of the self-energy is decomposed into the contribution of various angular
momentum states. For the identical particles such as p  p and n  n, the exchange term
of the T-matrix contributes. The self-energy of proton(neutron) due to the p   p(n   n)
interaction is given as
UN (NN; p1) =
X
LSJ
UN (NN;LSJ; p1) (7.3.8)
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where
UN (NN;LSJ; p1)  Re(p1; E(p1)) (7.3.9)
= (2J + 1)
1  ( 1)1+l+S
4
Z
dp2p
2
2
Z
d(cos)
f2[E(p2)]ReT
J(p; P;E(p1) + E(p2);LS;LS)
+
Z 1
 1
dE

g(E)
P
E   E(p1)  E(p2)ImT
J(p; P;E + i;LS;LS)

:
(7.3.10)
The exchange term of the T-matrix appears as the factor ( 1)1+l+S . Here we take into
account only 1S0 channel. The self-energy due to p   n interaction includes 1S0 and 3S1
channel given as
UN (NN
0; LSJ; p1) = (2J + 1)
1
4
Z
dp2p
2
2
Z
d(cos)
f2[E(p2)]ReT
J(p; P;E(p1) + E(p2);LS;LS)
+
Z 1
 1
dE

g(E)
P
E   E(p1)  E(p2)ImT
J(p; P;E + i;LS;LS)

:
(7.3.11)
Adding the above contributions, we obtain the self-energy for the proton and neutron,
respectively
Up(p) = Up(pn;
3S1; p) + Up(pn;
1S0; p) + Up(pp;
1S0; p) (7.3.12)
Un(p) = Un(np;
3S1; p) + Un(np;
1S0; p) + Un(nn;
1S0; p): (7.3.13)
Fig. 7.1 shows the momentum dependence of the self-energy at r = 12:4; 15:0 and 20km
of the Composition II for proton and neutron. The self-energy of neutron becomes slightly
larger than that of proton for outer r region. The matter density is about 0:17; 0:1 and
0:050 at r = 12:4; 15:0 and 20km, respectively. Since the density increase with decreasing
radius, the self-energy increases and Up(0)   6MeV at r = 12:4km. As p increases, the
self-energy decreases due to the dependence on relative momentum of the nucleon-nucleon
interaction and higher momentum component of nucleons.
We examine the role of each mechanisms to the self-energy. The contribution of the
3S1 and
1S0 waves are almost the same magnitude for the proton self-energy at r = 12:4km
as shown in the left panel of Fig. 7.2. The rst term of Eqs. (7.3.10) and (7.3.11), is the
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Figure 7.1: Momentum dependence of the real-part of the self-energy. Self-energy for the
proton(left) and neutron(right) at r = 12:4km, 15:0km and 20:0km are shown in solid(red),
dashed(green) and dash-dotted(blue) curves.
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Figure 7.2: Self-energy of proton at r = 12:5km. The left panel shows the contribution of
3S1(green dashed curve) and
1S0(blue dash-dotted curve) nucleon-nucleon interaction and
the sum of the two partial waves(red solid curve). The right panel shows contribution of
the rst(green dash curve) and the second term(blue dash-dotted curve) in the bracket of
Eqs. (7.3.10) and (7.3.11) and the sum of the two-terms(red solid curve).
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Figure 7.3: Momentum dependence of single particle energy at r = 12:4km(red solid
curve), 15:0km(green dashed curve) and 20:0km(blue dash-dotted curve) for the pro-
ton(left) and neutron(right).
main contribution to the self-energy for this case as shown in the right panel of Fig. 7.2.
For neutron self-energy, situation is the same.
The single particle energy Ei(p) = p
2=(2m) + Ui(p) is sum of kinetic energy and the
calculated self-energy, which are shown in Fig. 7.3. The single particle energy increases
monotonically as the momentum increases. It might be possible to parametrize the single-
particle energy using the eective mass and the constant energy shift. Here we used the
full momentum dependence of the calculated self-energy for the calculation of bound state
and scattering state. The energy of the two-nucleon system for relative momentum p and
center of mass momentum P is given as E(p; P ) = P
2
2M + hU12(p; P )i. For given center of
mass momentum P , the continuum state start at the minimum of this energy
E(p; P )jmin = E(0; P ) = P
2
2M
+ hU12(0; P )i: (7.3.14)
E(0; P ) is the energy of continuum edge and the binding energy is measured from the
continuum edge.
7.3.2 Bound state
By using the self-energy calculated in the previous section, we examined the deuteron
bound state in 3S1 channel.
The calculated deuteron binding energy is shown in Fig. 7.4. The deuteron binding
energy decreases as the matter density increases. At r = 11:7km, deuteron at rest does not
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Figure 7.4: Deuteron binding energy as a function of the two-nucleon center-of-
mass kinetic energy P 2=4mN at r=11.7km(red solid curve), r=12.4km(green long-
dashed curve), r=20.0km(blue short-dashed curve), r=30.5km(magenta dotted curve) and
r=49.4km(turquoise dash-dotted curve).
exist and the binding energy increases P 2=4mN  12MeV as the center of mass kinetic
energy increases. The main eect of the weak binding of deuteron is due to the Pauli
blocking factor 1   fp(pp)   fn(pn) in the eective Schrodinger equation, which forbids
the low momentum component of deuteron. However as the deuteron moves with larger
momentum in the medium, the Pauli blocking becomes less eective and the binding
energy approaches to that of vacuum. At r = 30km, where   0:010, medium eect is
still seen in the bound state energy. At r = 50Km, the modication of binding energy in
the medium is small. This suggests that deuteron heating mechanism calculated with the
free space deuteron may be safe in the heating region of supernova explosion.
7.3.3 Neutrino emissivity
At rst we compare the emissivity evaluated from a simple separable potential and realistic
ANLV18 potential in the 5th and 6th column of Table 7.2, where the radius, matter
density and temperature for the Composition II are given in the 1st,2nd and 3rd column.
We used impulse approximation and kept the s-wave component of the deuteron and the
scattering state. The emissivities due to two models of nuclear potential dier about 20%.
The separable potential will be good enough for the rst study of the medium eects
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r[km] [g/cm3] T[MeV] med,sep. free,sep. free,AV18
12.4 0:47220 1014 25.15 0:36620 1040 0:60557 1040 0:75702 1040
15.0 0:27993 1014 23.27 0:11029 1040 0:13379 1040 0:16531 1040
19.7 0:14610 1014 17.37 0:11704 1039 0:12577 1039 0:15228 1039
30.5 0:25788 1013 8.97 0:39009 1036 0:38131 1036 0:43504 1036
49.4 0:13967 1012 4.42 0:66458 1032 0:65975 1032 0:69643 1032
Table 7.2: Neutrino emissivity for d+ e  ! n+ n+ e for the Composition II in unit of
[erg/cm3/sec]. The second and the third column show the matter density and temperature.
The 4th(med,sep.), 5th(free,sep.) and 6th(free,AV18) column shows the emissivity calcu-
lated with separable potential, separable potential without medium eect and ANLV18
[57] potential without medium eect, respectively.
on emissivity. Comparing the emissivities on the 4th and 5th column of Table 7.2, the
medium eect reduces the emissivity about 40% and 20% from free case at r = 12:4km
and 15km. The reduction factor looks small in spite of rather large modication of the
binding energy for deuteron at rest. However, it might be understood that rather large
part of the contribution is from the moving deuteron, where the modication of medium
is less eective. At r = 50km, we found medium eect is almost negligible. Therefore one
expects that the deuteron reaction rates evaluated in [17] for the neutrino heating region
might not be signicantly aected by the medium eects.
7.3.4 Beyond the quasi-particle approximation
We have studied the two-nucleon bound state in the medium within the quasi-particle
approximation. Here we estimate the imaginary part of the self-energy and its eects on
the bound state energy as a rst step to improve our previous study. In order to do this, we
start from the self-energy in the approximation ! = p2=(2m). Within this approximation,
the spectral function (6.4.7) is given as
Ai(p; !) =
 i(p)
(!   Ei(p))2 +  2i =4
; (7.3.15)
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where Ei(p) and  i(p) are calculated from the self-energy as
Ei(p) =
p2
2m
+Rei(p; p
2=(2m) + i); (7.3.16)
 i(p) =  2Imi(p; p2=(2m) + i) (7.3.17)
The two-nucleon Green's function (6.4.3) can be evaluated using the above formula.
Here we use approximation which will be valid for the non-degenerate situation, where we
approximate 1  f1(!)  f2(!0)  1. Then the Green's function is given as
G02(p; P;
+ i) 
1

  E1(p1)  E2(p2)  Im(1(p1; p21=(2m) + i) + 2(p2; p22=(2m) + i))
(7.3.18)
With this Green's function we solve the Lippmann-Schwinger equation (6.4.4) and nd
the pole as Eq. (7.2.9) where the two-body quasi-particle energy is replaced by complex
value E1(p1) + E2(p2) + Im(1(p1) + 2(p2)). Now the poles of the T-matrix below the
real energy axis can be interpreted as resonance energy.
Fig. 7.5 shows that the momentum dependence of the Im at r = 12:4; 15:0; 20:0
and 30:0km for the proton and the neutron. One can see from Eq. (7.1.3) that Im is
generated from the imaginary part of the T-matrix. Although the imaginary part of the
T-matrix vanishes at threshold, the imaginary part of the self-energy is non-zero at p = 0.
This is because we sum the momentum distribution of the second colliding nucleon. In
the r < 20km region, Im becomes relatively large compared to the Re or free deuteron
binding energy.
Fig. 7.6 shows the pole of the T-matrix evaluated using Eq. (6.4.4) for the zero center
of mass momentum P = 0MeV at r = 20:0; 30:0 and 50:0km. At r = 20km, the deuteron
width is about 10MeV which is large value compared to the real part of the pole energy.
It suggests again that we need to beyond the quasi-particle approximation in r < 30km
region. However, the approximation will be reliable in the outer region, r > 30km, which
covers a large part of the cooling region.
7.4 Discussion
In this part we have studied eects of the nuclear medium for the neutrino emissivity for
the explosion process of supernova and studied how the previous calculations of neutrino
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Figure 7.5: Momentum dependence of the imaginary part of the self-energy. The
left (right) panel shows the imaginary part of the proton(neutron) self-energy at r =
12:4km(red solid curve), 15:0km(green dashed curve), 20:0km(blue dash-dotted curve)
and 30:0km(purple short dash-dotted curve).
-20
-15
-10
-5
0
-3 -2 -1 0
Im
(E
)
[M
e
V
]
Re(E) [MeV]
a
b
c
d
b c d
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reaction rate for free space can be modied in the medium. We adopt the thermodynamic
Green's function approach and the T-matrix approximation. In the T-matrix approx-
imation, two-nucleon interact successively with each other and two-nucleon propagator
includes Pauli blocking. We have made two major approximation in this work. In a
self-consistent Green's function scheme, we used the rst order iteration to obtain the
self-energy of nucleon. Furthermore, we have used quasi-particle approximation that is
the small width limit of the spectral function. Under this approximation, we have studied
the properties of the two nucleon system using the typical prole of nuclear medium at
the 150ms after core collapse.
We have studied the deuteron state in medium and found that the deuteron can exist
as an proton-neutron bound in the r  12:4km region. The binding energy of deuteron
is signicantly reduced in the inner region. When a deuteron starts moving, the binding
energy increases and approaches to the value of free deuteron. Further inner radius at
r = 11:7km, the proton and neutron can not form deuteron for the CM kinetic energy
P 2=4mN . 12MeV. These results indicate that one can treat the deuteron in r  50km
as the one in the free-space.
The electron capture on deuteron was studied as an example to examine the medium
eects on emissivity. This reaction is known to be dominated by the Gamow-Teller
transition. We used impulse nuclear current and the single-term separable potential for
the two-nucleon interaction for the S-wave. The neutrino emissivity is modied in the
medium through the modication of the single particle energy and the Pauli blocking.
At r = 12:4km the emissivity with the medium eects is reduced by 40% from the one
evaluated in free space. On the other hand, at r = 19:7km the dierence between the
emissivity with medium eects and without ones is already within 7%. This estimation
implies that our evaluations of neutrino emissivity for the electron capture without the
medium eects seems to be reasonable for the outer layer of supernova explosion.
We have estimated the eect of the imaginary part of the self-energy on the deuteron
binding energy to examine the validity of the quasi-particle approximation. Within the
! = p2=(2m) approximation of the self-energy which corresponds to take the rst iteration,
the pole of the T-matrix was studied for the non-degenerate nucleon region. We found
the resonance pole corresponding to deuteron has a small imaginary part for r > 30km,
which is the cooling region for this snap shot of supernova and it will be safe to use the
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emissivity calculated from the free-particle for r > 50km.
In the next step, we need to perform a self-consistent calculation and further we need
to use realistic nuclear potential instead of separable potential including higher partial
waves, which however one expects to involve quite large numerical task.
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Chapter 8
Conclusion
We have studied the signicance of the neutrino production reactions with deuteron in
core-collapse supernova.
In the rst part of the thesis, the cross sections and the neutrino emissivity for these re-
action has been investigated with the standard nuclear physics approach for which nuclear
weak currents are constructed from one-body impulse currents and two-body exchange
currents combined with high-precision realistic two-nucleon potential.
 We have completed a code for neutrino emissivity to provide the neutrino emissivities
of the new deuteron related processes for the supernova simulation. The newly
evaluated mechanisms are the e capture on deuteron and NN ! d+l+l0 processes:
d+ e  ! n+ n+ e ; (8.0.1)
d+ e+ ! p+ p+ e ; (8.0.2)
n+ n ! d+ e  + e ; (8.0.3)
p+ p ! d+ e+ + e ; (8.0.4)
p+ n ! d+  +  : (8.0.5)
 The role of the new processes has been studied in a typical supernova prole, which
is the snapshot at 150 ms after core bounce for a 15 M star for the cooling region.
In this region neutrino emission due to the electron capture on proton is the main
mechanism. Anti-neutrino emission is emitted mainly by positron capture on neutron
and NN bremsstrahlung, whose emissivity is about three orders of magnitude smaller
than that of electron neutrino.
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The emissivity of neutrino due to the electron capture on deuteron is comparable to
that of the main process on proton especially in the r < 60km region for the current
prole. The emissivity of the anti-neutrino due to deuteron process is smaller than
that of neutron, however it can be comparable to that of NN bremsstrahlung.
We found that the emissivity due to e-capture on the deuteron is smaller than
that of the free nucleon if the densities of the deuteron and nucleon are the same.
Therefore the eective neutrino emissivity per nucleon via e-capture is reduced by
the existence of the nucleon as the element of deuteron, which leads unfavorably
contributions for the neutrino heating mechanism. On the other hand, the emissiv-
ity for the neutrino production via deuteron formation may be comparable to the
nucleon-nucleon bremsstrahlung.
 The analysis suggests, neutrino and anti-neutrino emission due to the deuteron
breakup/formation play an important role in the supernova explosion. Since the
present analysis depends on heavily on the temperature, density and mass fractions
of the particular supernova environment and our current evaluation is numerically
to demanded to be used in the simulation of supernova, it is useful to provide a com-
pact table of the emissivities. For this purpose we plan to evaluate the emissivity in
the non-degenerate approximation, where the emissivity can be expressed as
Q(e d! e + n+ n) = nendQeff (T ) (8.0.6)
where ne; nd are number density of electron and deuteron and Qeff (T ) is eective
emissivity as a function of one parameter temperature T .
In the second part of the thesis, the deuteron binding energy and emissivity of electron
capture reaction in the medium is studied. The emissivities in part I is evaluated assuming
the deuteron remains the same as free space in the medium. In the environment of
supernova explosion, the prole of nuclear medium varies a lot from the inner to the
outer region of supernova and the medium modication might be important even in some
part of the cooling region of supernova. The medium eect is investigated based on the
thermodynamic Green's function and T-matrix approach. For this analysis we used a
simple model of nuclear interaction and current and took into account only s-wave NN
continuum state.
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 We have evaluated the nucleon self-energy in the quasi-particle approximation and
the non-iterative calculation of the self-energy (! = p2=(2m) approximation). Within
this two approximation, Two-nucleon scattering T-matrix is solved for the matter
prole supernova used in part I.
The real part of the self-energy is negative due to the attractive s-wave NN interac-
tion. This attraction shifts the threshold energy of continuum state. The deuteron
bound state was studied by searching the pole of T-matrix. As the density increases,
deuteron binding energy decreases. For r > 12km;  > 0:170, the deuteron bound
state at rest does not exist. However when total center of mass momentum increases,
binding energy also increases because of less eective Pauli blocking. We found that
the medium eect reduces the emissivity especially around 10 < r < 30km. For the
further outer region the medium modication is small within the current formalism.
 The eect of the imaginary part of the self-energy, which makes nite life time of the
quasi particle, is taken into account within the (! = p2=(2m) approximation. The
imaginary part of the self-energy is large compared with its real part in particular
for r < 20km. The consequence of this imaginary part of self-energy on the deuteron
energy is studied for the non-degenerate region. The pole of the T-matrix in complex
energy plane is identied as 'deuteron'. In this analysis, we have neglected Pauli
eects in the intermediate Green function, therefore the real part of the pole energy
is moderately aected. On the other hand, the imaginary part of the pole energy,
which corresponds to the width of the resonance, becomes larger as the r decreases.
We found at r > 30km, the description of part I without medium eect can be
applied. On the other hand, in the region of higher density around 10 < r < 30km,
the careful analysis of the medium dynamics must be further examined even by going
back to the estimation of the deuteron fraction.
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Appendix A
Emissivity for the electron capture
The reactions of the electron and positron captures, which are so-called the direct URCA
processes, are
e  + p ! e + n (A.0.1)
e+ + n ! e + p: (A.0.2)
Neutrino emissivity of the electron capture is dened as
Q =
Z
dp1
(2)3
dp2
(2)3
dp3
(2)3
dp4
(2)3
E4(2)
4(
X
i
pi  
X
f
pf )
X
spin
jM j2 (A.0.3)
  1
1 + e(E1+1)=T
1
1 + e(E2+2)=T

1  1
1 + e(E3+3)=T

: (A.0.4)
 is the Fermi distribution functions of initial and nal states. For e  + p ! e + n we
label 1=p,2=e ,3=n,4=e,and for e+ + n ! e + p we label 1=n,2=e+,3=p,4=e.The
matrix elements for the electron/positron captures are
X
spin
jM j2 = 4

GFVudp
2
2 X(p1; p2; p3; p4)
E1E2E3E4
(A.0.5)
X(p1; p2; p3; p4)  m1m3(g2A   g2V )(p2  p4)
+jgA  gV j2(p1  p2)(p3  p4)
+jgA  gV j2(p1  p4)(p2  p3); (A.0.6)
where GF = 1:1803 10 5[GeV 2] is the Fermi constant, Vud = 0:974 is the CKM matrix
element, and gA = 1:267 and gV = 1 are the axial and vector coupling constants.The
upper and lower signs denote the electron capture (A.0.1) and positron capture (A.0.2)
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respectively. X can be rewritten with the Mandelstam valuables as
X(s; t; u) =
m1m3(g
2
V   g2A)
2
(t m22  m24)
+
jgA  gV j2
4
(s m21  m22)(s m23  m24)
+
jgA  gV j2
4
(s+ t m22  m23)(s+ t m21  m24); (A.0.7)
s = (p1 + p2)
2 = (p3 + p4)
2 (A.0.8)
t = (p4   p2)2 = (p3   p1)2 (A.0.9)
u = (p4   p1)2 = (p3   p2)2 (A.0.10)
s+ t+ u =
X
i=1;2;3;4
m2i : (A.0.11)
Although One should perform the appropriate calculations, the phase space integra-
tions for Eq. (A.0.3) are rather complicate because of the existence of the Fermi distribu-
tion functions.
We develop two dierent calculation methods for analyzing the direct URCA emissivi-
ties. One is the 'relativistic method for two-body processes' which employs the manipula-
tions of the Lorentz transformations, and the other is the ' phase space constraints method'
which analyzes the possible regions of the phase space directly. Each of the methods has
no approximations of the matrix elements or angular integrations like the Bruenn's static
calculations [45]. The formulations of these method are explained in the next sections.
We conrmed that the emissivities of these two methods are in agreement with each other
within 5%. The emissivities for the electron capture on proton and the positron capture
on neutron in chapter4.2 are evaluated with those methods.
A.1 Relativistic method for two body processes
The emissivity one should calculate is the following form
Q =
Z
dp1dp2dp3dp4
E1E2E3E4
(4)(p1 + p2   p3   p4)M(s; t; u)(p1; p2; p3; p4): (A.1.1)
Comparing eqs.(A.0.3) and (A.0.6), the matrix element M(s; t; u) is found that
M(s; t; u) =
4
(2)8

GFVudp
2
2
E4X(s; t; u): (A.1.2)
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Note that
d3pi
Ei
(A.1.3)
(4)(p1 + p2   p3   p4) (A.1.4)
M(s; t; u) (A.1.5)
s = (p1 + p2)
2; t = (p1   p3)2 (A.1.6)
are the Lorentz invariant. Ei =
q
m2i + p
2
i is the energy of the relativistic form. We
treat the initial and nal variables as the laboratory frame(Lab) and the center of mass
frame(CM), respectively. At the same time, we separate the (A.1.1) frame asZ
dp1dp2
E1E2

Lab
Z
dp3cdp4c
E3cE4c
4(p1c + p2c   p3c   p4c)M(s; t; u)

CM

(p1; p2; p3; p4)

Lab
:
(A.1.7)
where pi; Ei and pic; Eic denote the Lab frame and the CM frame variables.
A.1.1 Lab frame and CM frame relations
To perform this manipulations, one should obtain the relations between the Lab variables
and the CM ones. Let us dene the two-body 4-momentum on the Lab frame as PL =
(E = E1 + E2;P = p1 + p2) and that is the CM frame as P

C = (W;0). W =
p
E2   P 2
is the invariant mass. These two valuables are related by Lorentz transformations
PC = 

P

L (A.1.8)
PL = 
P C ; (A.1.9)
where  is the Lorentz transformation operator
 =
266664
E
W
Pj
W
Pj
W
ij +
PiPj
W (E +W )
377775 (A.1.10)
( 1) = 
 =
266664
E
W
 Pj
W
 Pj
W
ij +
PiPj
W (E +W )
377775 : (A.1.11)
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Let us assume that AL and A

C are arbitrary four-vector of the Lab frame and CM frame
respectively. Using Lorentz transformation operators (A.1.10) and (A.1.11), one can obtain
the relations of the time and space components as
A0C =
1
W
(EA0L   P AL) (A.1.12)
AC = AL +
P
W

 A0L +
P AL
W + E

: (A.1.13)
The inverse forms are
A0L =
1
W
(EA0C + P AC) (A.1.14)
AL = AC +
P
W

A0C +
P AC
W + E

: (A.1.15)
Now one can get the relations of energy and momentum of those frames. The initial
state variables are treated as the Lab frame such as
p1L = (E1;p1); E1 =
q
m21 + p
2
1 (A.1.16)
p2L = (E2;p2); E2 =
q
m22 + p
2
2: (A.1.17)
The CM frame variables are obtained from Eq. (A.1.12) and (A.1.12) as
p1C = 

p

1L = (E1C ; q) (A.1.18)
p2C = 

p

2L = (E2C ; q) (A.1.19)
E1C =
p
m21 + q
2 = 1W (EE1   P  p1) (A.1.20)
E2C =
p
m22 + q
2 = 1W (EE2   P  p2) : (A.1.21)
The CM momentum can be also obtained as
jqj = q =
s
W 2 +m22  m21
2W
2
 m22: (A.1.22)
For the nal state the variables are treated as the CM frame:
p3C = (E3C ; q
0); E3C =
q
m23 + q
2 (A.1.23)
p4C = (E4C ; q0); E4C =
q
m24 + q
2: (A.1.24)
The transformations of these variables into the Lab frame can be obtained in the same
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way as follows
p3L = 
p3C = (E3;p3) (A.1.25)
p4L = 
p4C = (E4;p4) (A.1.26)
E3 =
1
W (EE3C + P  q0);p3 =
p
E23  m23 (A.1.27)
E4 =
1
W (EE4C   P  q0);p4 =
p
E24  m24 (A.1.28)
jq0j = q0 =
r
W 2+m24 m23
2W

 m24 (A.1.29)
Then one can perform the emissivity calculations using these variables, as explained in
the following sections.
A.1.2 Exact form
The integration of the nal state including the delta functions can be performed as belowZ
dp3Cdp4C
E3CE4C
(4)(p1C + p2C   p3C   p4C) (A.1.30)
=
Z
dp3Cdp4C
E3CE4C
(W   E3C   E4C)(3)(0  p3C   p4C) (A.1.31)
=
Z
dq0
E3CE4C
(W   E3C   E4C) (A.1.32)
=
Z
d
q0
q0
W
: (A.1.33)
where d
q0 represents the angular integral of q
0. Therefore Eq. (A.1.1) can be rewritten
as
Q =
Z
dp1dp2
E1E2
Z
d
q0
q0
W
M(s; t; u)(p1; p2; p3; p4) (A.1.34)
=
Z
dp1p
2
1
Z
dp2p
2
2
Z
d
p1d
p2d
q0
q0
W
M(s; t; u)(p1; p2; p3; p4): (A.1.35)
This form includes three angular variables where
p^1  p^2 = cos 12 (A.1.36)
p^1  q^0 = cos q0 (A.1.37)
p^2  q^0 = cos 12 cos q0 + sin 12 sin q0 cosq0 : (A.1.38)
Then one can organize the angle integrations like
Q = 82
Z
dp1
Z
dp2
p21p
2
2
E1E2
Z 1
 1
d cos 12
q0
W
Z 1
 1
d cos q0
Z 2
0
dq0M(s; t; u)(p1; p2; p3; p4):(A.1.39)
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The matrix element of the electron capture is treated in the CM frame
M(s; t; u) =
4
(2)8

GFVudp
2
2
E4CX(s; t; u); (A.1.40)
(A.1.41)
and these variables are given as follows
W =
q
(E1 + E2)2   p21   p22   2p1p2 cos 12 (A.1.42)
s = W 2 (A.1.43)
t = (E1C   E3C)2   q2   q02 + 2q  q0 (A.1.44)
q  q0 = q0q^0 

p1 +
P
W

 E1 + P  p1
W + E

(A.1.45)
p1  q^0 = p1 cos q0 (A.1.46)
p2  q^0 = p2(cos 12 cos q0 + sin 12 sin q0 cosq0): (A.1.47)
A.2 Phase space constraints method
Here we denote the initial and nal nucleon 4-momenta as p; p0 and the masses as M;M 0.
The lepton ones are labeled as q; q0 and m;m0. We assume the neutrino mass to be m0 = 0.
The emissivity is following form
I =
Z
dpdqdp0dq04(p+ q   p0   q0)X 0 (A.2.1)
X 0 contains the matrix element and Fermi distribution functions. One can perform dp0
integral
I =
Z
dpdqdq0(Ep + q   E0p+q q0   q0)X 0: (A.2.2)
Here we dene the initial energy and momentum as
E  Ep + q (A.2.3)
P  p+ q (A.2.4)
then the invariant mass has the condition as follows
S = E2   P 2 > M +m: (A.2.5)
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Next one can proceed the dq0 integral
I =
Z
dpdqq02d
q0
11 + dE0dq0 X 0 (A.2.6)
dE0
dq0
=
q0   P  q^0
E0
(A.2.7)
E0 =
p
M 02 + (P   q0) (A.2.8)
q0 is taken by solving the energy delta function
q0 =
S  M 02
2(E   P  q^0) : (A.2.9)
The neutrino energy q0 must be positive(q0 > 0). The denominator of Eq. (A.2.9) has the
condition of E   P  q^0 > 0, because
E2 = E2p + 
2
q + 2Epq (A.2.10)
= M2 + p2 +m2 + q2 + 2Epq (A.2.11)
> M2 + (p+ q)2 (A.2.12)
> (P  q^0)2: (A.2.13)
Thus the condition q0 > 0 is rewritten as
S > M 0 (A.2.14)
The integrand of Eq. (A.2.6) includes three angles
p^  q^; p^  q^0; q^  q^0; (A.2.15)
then one can set p^ as z axis and perform the angular integral of (A.2.6), given by
I = 82
Z
dp dq d(cos q)
Z 1
 1
d(cos q0)
Z 2
0
d(q   q0) p
2q2q021 + q0   P  q^0E0
X
0(A.2.16)
p^  q^ = cos q (A.2.17)
p^  q^0 = cos q0 (A.2.18)
q^  q^0 = cos q cos q0 + sin q sin q0 cos(q   q0) (A.2.19)
The remaining problem is to nd the region of the integral
R
dp dq d(cos q) satisfying
the constrains (A.2.14). We exhibit the condition (A.2.14) again
S = (Ep + q)
2   (p+ q)2 > M 02: (A.2.20)
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This can be rewritten in terms of cos q
cos q  x < 1
pq
(Epq  2) (A.2.21)
2  1
2
(M 02  M2  m2) (A.2.22)
Then if 2 < 0, all [p,q,x] region is allowed because
Epq
pq
> 1: (A.2.23)
Therefore, one should consider the behavior of the function F (p; q) dened as
F (p; q)  1
pq
(Epq  2) for 2 > 0: (A.2.24)
Taking the limits of p! 0;1, the function F (p; q) behaves as follows
lim
p!0
F =
1
p
(Mq  2)
8<: > 0 for Mq=
2 > 1
< 0 for Mq=
2 < 1
(A.2.25)
lim
p!1F =
q
q
> 1: (A.2.26)
Moreover, the p derivative is
@F
@p
=
1
qp2Ep
(Ep
2  M2q) (A.2.27)
=
8><>:
> 0 for
Ep
M
>
Mq
2
< 0 for
Ep
M
<
Mq
2
: (A.2.28)
Since Eq=M > 1 the p dependence of the function F (p; q) can be written as Figs. A.1 and
A.2. For Mq=
2 > 1, F (p; q) has a minimum
Fmin =
1
pq
(Epq  2) with Ep = M
2q
2
(A.2.29)
=
2
pq
"
Mq
2
2
  1
#
> 0 (A.2.30)
so if Fmin > 1 all region is allowed. When 0 < Fmin < 1 there are three reasonable regions
separated by pa; pb
F (pa; q) = F (pb; q) = 1; pa < pb: (A.2.31)
To solving this, one can lead the momentum pa;b
pa;b =
1
m2
h
q2 
q
(q2)2 + (4  M22q)m2
i
: (A.2.32)
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Figure A.1: Mq=
2 > 1; Fmin < 1. Figure A.2: Mq=
2 < 1
The conditions of x in each regions are below
0 < p < pa !  1 < x < 1 (A.2.33)
pa < p < pb !  1 < x < F (p; q) for Mq
2
> 1; Fmin < 1: (A.2.34)
pb < p !  1 < x < 1 (A.2.35)
Similarly, for Mq=
2 > 1 there are three reasonable regions separated by pc; pd
F (pc; q) =  1 (A.2.36)
F (pd; q) = 1; pc < pd (A.2.37)
) pc;d =
1
m2
h
q2 +
q
(q2)2 + (4  M22q)m2
i
: (A.2.38)
The conditions of x are
0 < p < pc ! none (A.2.39)
pc < p < pd !  1 < x < F (p; q); for Mq
2
< 1: (A.2.40)
pd < p !  1 < x < 1 (A.2.41)
A.2.1 Summary for the phase space constraint method
We summarize the results for the phase space constraint method as below.
 Emissivity
Q =
1
(2)8
82
Z
dpdqdx
 Z 1
 1
d(cos q0)
Z 2
0
dq q0
p2q2q02
1 +
q0   P  q^0
E0
q0
X
spin
jM j2
(A.2.42)
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 Matrix element (upper sign: e p! ne, lower: e+n! pe )X
spin
jM j2 = 4

GFVudp
2
2 X(s; t)
EpqE0q0
(A.2.43)
X(s; t) =
m1m3(g
2
A   g2V )
2
(t m2)
+
jgA  gV j2
4
(s M2  m2)(s M 02)
+
jgA  gV j2
4
(s+ t m2  M 02)(s+ t M2); (A.2.44)
 Fermi distribution function
 = fNfe(1  fN 0)(1  fe) (A.2.45)
fi =
1
1 + e(Ei i)
(A.2.46)
1  fe  1 (A.2.47)
 Valuables
p^  q^ = cos q (A.2.48)
p^  q^0 = cos q0 (A.2.49)
q^  q^0 = cos q cos q0 + sin q sin q0 cosq q0 (A.2.50)
q0 =
S  M 02
2(E   P  q^0) (A.2.51)
E0 =
p
M 02 + (P   q0) (A.2.52)
s = M2 +m2 + 2(Epq   p  q) (A.2.53)
t = m2   2(qq0   q  q0) (A.2.54)
 R dpdqdx integration range (for 2 > 0)
(1) q >
2
M
8>>>>>><>>>>>>:
Fmin > 1    all region allowed
Fmin < 1;
8>>><>>>:
0 < p < pa      1 < x < 1
pa < p < pb      1 < x < F (p; q)
pb < p      1 < x < 1
(A.2.55)
(2) q <
2
M
8>>><>>>:
0 < p < pc   none
pc < p < pd      1 < x < F (p; q)
pd < p      1 < x < 1
(A.2.56)
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F (p; q)  1
pq
(Epq  2) (A.2.57)
2  1
2
(M 02  M2  m2) (A.2.58)
pa;b =
1
m2
h
q2 
q
(q2)2 + (4  M22q)m2
i
(A.2.59)
pc;d =
1
m2
h
q2 +
q
(q2)2 + (4  M22q)m2
i
(A.2.60)
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Appendix B
Summation of Matsubara
frequency
In this Appendix we give the technique for a summation of the function depending on
Matsubara frequency. Consider the following contour integral
I =  
I
C
dz
2i
f(z)h(z); f(z) =
1
e(z ) + 1
: (B.0.1)
where f(z) is the Fermi distribution function involving poles at
z = z =

 i + ;  = 1; 3; 5;    : (B.0.2)
with the residue ( 1)=. The function h(z) is an arbitrary function involving i's simple
poles at position z = ai. We suppose that the pole positions of f(z) and h(z) are dierent.
To take the contour C as surrounding f(z) poles, B.0.1 is consistent with the Matsubara
sum of h(z)
I =
X

h(z): (B.0.3)
B.1 Single pole
Consider the function h(z) has a simple pole at position z = a. We suppose that the
pole positions of f(z) and h(z) are dierent. Because the function f(z)h(z) is analytic
without those poles exhibited, the contour integral C can be continued analytically in
C 0, which consists of surrounding h(z) pole and innite circle, as shown in the Fig. B.1.
The contribution of innitesimally closed transverse lines are canceled each other. If the
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× Rez
Imz
µ
a
C ′
C
Figure B.1: Contour integral for C and C'. f(z) poles are arrayed longitudinally at Rez =
, and h(z) pole exists at z=a.
integrations of innite circle converge, the C 0 integration reduces the part of a residue on
z = a:
I =  
I
C
dz
2i
f(z)h(z)
=  
I 0
C
dz
2i
f(z)h(z)
= Resz=a[h(z)f(z)] (B.1.1)
=  lim
z!a(z   a)h(z)f(z) (B.1.2)
B.2 Two or more poles
The case that h(z) has two or more simple poles are readily obtained. When h(z) has
two-poles at z = a1; a2, the analytic continuations from C to C
0 are given by Fig. B.2.
Thus the Matsubara sum reduces the contributions of two h(z) residues. One can extend
the case that more h(z) poles exist, that is,X

h(z) = 
X
i
Resz=ai [h(z)f(z)]: (B.2.1)
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Figure B.2: Contour integral for C and C', where h(z) has two-poles at z = a1; a2.
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